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BRANCHING RULES RELATED TO SPHERICAL ACTIONS
ON FLAG VARIETIES
ROMAN AVDEEV AND ALEXEY PETUKHOV
Abstract. Let G be a connected semisimple algebraic group and let H ⊂ G be a con-
nected reductive subgroup. Given a flag varietyX of G, a result of Vinberg and Kimelfeld
asserts that H acts spherically on X if and only if for every irreducible representation R
of G realized in the space of sections of a homogeneous line bundle on X the restriction
of R to H is multiplicity free. In this case, the information on restrictions to H of all
such irreducible representations of G is encoded in a monoid, which we call the restricted
branching monoid. In this paper, we review the cases of spherical actions on flag varieties
of simple groups for which the restricted branching monoids are known (this includes the
case where H is a Levi subgroup of G) and compute the restricted branching monoids
for all spherical actions on flag varieties that correspond to triples (G,H,X) satisfying
one of the following two conditions: (1) G is simple and H is a symmetric subgroup of G;
(2) G = SLn.
1. Introduction
One of the most basic problems of representation theory of algebraic groups is that of
describing the restriction of any finite-dimensional representation of a given group G to a
subgroupH ; such a description is referred to as a branching rule for the pair (G,H). When
the ground field F is algebraically closed and of characteristic zero (which is assumed in
what follows) and both groups in question are reductive, the corresponding branching
rule for the pair (G,H) is completely described by the collection of nonnegative integers
dimHomH(V,W ) for all possible irreducible representations W of G and V of H . The
number dimHomH(V,W ) is called the multiplicity of V in W .
Given a connected reductive algebraic group K, fix a Borel subgroup BK , let Λ
+(K) be
the set of dominant weights of BK , and for every λ ∈ Λ
+(K) let RK(λ) denote the irre-
ducible representation of K with highest weight λ. Now consider two connected reductive
algebraic groups G ⊃ H and for every pair (λ;µ) ∈ Λ+(G)× Λ+(H) let
mλ(µ) = dimHomH(RH(µ), RG(λ)|H)
be the corresponding multiplicity. Consider the set Γ(G,H) ⊂ Λ+(G)×Λ+(H) consisting
of all pairs (λ;µ) with the property mλ(µ) > 0. It is well known that Γ(G,H) is a finitely
generated monoid; following Yacobi [Yac] we call it the branching monoid (or branching
semigroup) for the pair (G,H).
Of special importance in representation theory of algebraic groups are well-known
branching rules for the pairs (SLn,GLn−1) and (Spinn, Spinn−1), which trace back to the
work of Gelfand and Tsetlin [GT1, GT2]. A remarkable feature of these branching rules
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is that they are multiplicity free, that is, each multiplicity is at most one. As a conse-
quence, in these cases the whole branching rule is completely determined by the branching
monoid. For both above-mentioned pairs, using the standard description of the branch-
ing rules in terms of interlacing conditions for dominant weights (see [Zhe, §§ 66, 129]
or [GoWa, Ch. 8] for details), it is easy to compute the branching monoid, which turns
out to be free. The indecomposable elements of this monoid in both cases were explicitly
written down in [AkPa, Theorem 7]. In fact, by a result of Kra¨mer [Kra¨] there are no
other pairs (G,H) with G simple and simply connected for which the branching rule is
multiplicity free.
When the branching rule for a pair (G,H) is not multiplicity free, the multiplicities can
be arbitrarily large (see [AkPa, Theorem 2]), and the problem of describing them becomes
much more complicated. In the setting where G is one of the classical groups SLn, SOn,
or Sp2n, numerous papers have been devoted to developing branching rules for various
connected reductive subgroups H including maximal reductive subgroups and symmetric
subgroups; see an extensive list of references on this topic in [HTW]. In these cases, the
multiplicities are usually expressed by combinatorial formulas that involve Littlewood–
Richardson coefficients, Young tableaux, etc. However, using these formulas even for
computing a single multiplicity may require quite nontrivial calculations.
Despite the result of Kra¨mer and the complicated situation with describing branching
rules in the general case, for a given pair (G,H) it may happen that multiplicities mλ(µ)
are still at most one whenever λ varies over a certain infinite subset of Λ+(G). In this
case, one may hope that the corresponding “part” of the branching rule for (G,H) admits
a simple description, and a natural problem is to find such a description.
From now on assume for simplicity that G is semisimple and simply connected and let
pi1, . . . , pis be all the fundamental weights of G. Given a subset I of the set S = {1, . . . , s},
let Λ+I (G) ⊂ Λ
+(G) be the set of all dominant weights of G that are linear combinations
of fundamental weights pii with i ∈ I, so that Λ
+
∅(G) = {0} and Λ
+
S (G) = Λ
+(G). It is
well known that for every I ⊂ S there exists a unique flag variety (that is, a complete
homogeneous space) XI of the group G with the following property: given λ ∈ Λ
+(G),
the representation RG(λ) is realized as the space of sections of a homogeneous line bundle
on XI if and only if λ ∈ Λ
+
I (G). Note that XS is nothing but the variety G/BG according
to the Borel–Weil theorem. The above property of XI suggests that the behaviour of
multiplicities mλ(µ) with λ ∈ Λ
+
I (G) is closely related to the geometry of the natural
action of H on XI .
The starting point for our paper is the following result of Vinberg and Kimelfeld
(see [ViKi, Corollary 1]): given I ⊂ S, the inequality mλ(µ) ≤ 1 holds for all λ ∈ Λ
+
I (G)
and µ ∈ Λ+(H) if and only if the natural action of H on XI is spherical, that is, XI con-
tains an open orbit for the induced action of BH . It is easy to see that for every spherical
action of H on XI the whole set of multiplicities mλ(µ) with λ ∈ Λ
+
I (G) is uniquely deter-
mined by the restricted branching monoid ΓI(G,H) = {(λ;µ) ∈ Γ(G,H) | λ ∈ Λ
+
I (G)}.
This motivates the problem of computing the monoids ΓI(G,H) corresponding to all
spherical actions on flag varieties.
In its turn, by now the problem of classifying all spherical actions on flag varieties has
been solved only under certain restrictions on the groups G,H or the subset I. Apart
from the case I = S settled by Kra¨mer (see the above discussion), below we list all cases
with G simple for which the classification is known:
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(C1) H is a Levi subgroup of G (with contributions of [Lit, MWZ1, MWZ2, Stem], see
also [Pon1]);
(C2) H is a symmetric subgroup of G (see [HNOO]);
(C3) G = SLn (see [AvPe]);
(C4) G is an exceptional simple group, H is a maximal reductive subgroup of G, and
|I| = 1 (see the preprint [Nie]).
A description of the monoids ΓI(G,H) in case (C1) follows from results of the pa-
pers [Pon2, Pon3]; we present it in Theorems 5.1 and 5.4 for completeness. The monoids
ΓI(G,H) in case (C4) were computed in [Nie]. The main goal of the present paper is
to compute the monoids ΓI(G,H) for cases (C2) and (C3), see Theorems 5.6 and 5.9,
respectively. We remark that in case (C2) (resp. (C3)) it suffices to consider only triples
(G,H, I) that do not fall into case (C1) (resp. cases (C1) and (C2)).
In case (C2) with G an exceptional simple group, the subgroup H is maximal reductive
in G, hence for |I| = 1 we recover (part of) results of [Nie] for case (C4). In fact,
in case (C2) there are only three triples (G,H, I) with G exceptional and |I| ≥ 2, see
Table 3.
A significant particular case of (C3) is given by the condition I = {1}. In this situation,
XI is just the projective space P((F
n)∗) where (Fn)∗ stands for the vector space dual to Fn.
Consequently, a subgroup H ⊂ SLn acts spherically on XI if and only if the group H×F
×
acts spherically on (Fn)∗. (Here F× is the multiplicative group of F, which acts on (Fn)∗ by
scalar transformations.) More generally, given a connected reductive algebraic group K,
every finite-dimensional K-module on which K acts spherically (that is, BK has an open
orbit) is called a spherical K-module. An important invariant of a spherical K-module V
is its weight monoid, consisting of all λ ∈ Λ+(K) for which the K-module RK(λ) occurs
in the symmetric algebra of V ∗. There is a complete classification of all spherical modules
obtained in [Kac], [BeRa], and [Lea] (see § 3.2 for more details); moreover, the weight
monoids of all spherical modules are also known thanks to the works [HoUm] and [Lea].
Returning to the situation where a subgroup H ⊂ SLn acts spherically on XI = P((F
n)∗),
an easy observation shows that the monoid ΓI(G,H) is canonically isomorphic to the
weight monoid of the spherical (F× × H)-module (Fn)∗; see § 5.4. This enables us to
assume I 6= {1} (and also I 6= {n− 1} by duality reasons) when computing the monoids
ΓI(G,H) in case (C3).
We now briefly describe our method for computing the monoid ΓI(G,H) corresponding
to a spherical action of a subgroup H ⊂ G on a flag variety XI . A general result (see
Theorem 4.2) shows that for simply connected G this monoid is always free, hence it is
enough to compute its rank and find the required number of its indecomposable elements.
Thanks to a result of Panyushev [Pan] and the above-mentioned results on spherical mod-
ules, determining the rank of ΓI(G,H) reduces to computing a certain Levi subgroup M
of H together with a certain spherical M-module V (see Corollary 4.7). In turn, comput-
ing the pair (M,V ) becomes effective for an appropriate choice of H within its conjugacy
class (see Corollary 4.8). Remarkably, all the pairs (M,V ) for case (C2) were computed
in [HNOO], therefore in this case we get all the values of rank of ΓI(G,H) almost for free.
Once the rank of ΓI(G,H) has been determined, to find all indecomposable elements of
ΓI(G,H) it suffices to explicitly compute the decompositions into irreducible summands
for the restrictions to H of several simple G-modules with “small” highest weights. More
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precisely, in all cases treated in this paper it turns out to be enough to find the decompo-
sitions into irreducible summands for the restrictions to H of all simple G-modules RG(pii)
with i ∈ I and sometimes of one more simple G-module RG(pii+pij) with (not necessarily
distinct) i, j ∈ I. As a consequence, all indecomposable elements of ΓI(G,H) have the
form (pii; ∗) or (pii + pij ; ∗) with i, j ∈ I. We note however that the latter property does
not hold in general as can be seen in various examples in case (C3) with I = {1}.
It is worth mentioning that the description of the monoids ΓI(G,H) for cases (C1)
and (C4) can be also obtained by using the methods of the present paper. In case (C1)
this would give a proof completely different from that in [Pon2, Pon3]. In case (C4) this
would only simplify computing the rank of the monoids ΓI(G,H) (compared with the
method of [Nie]).
At last, we would like to mention two possible directions for further research related
to the present paper. Of course, the first one is to complete the classification of spheri-
cal actions on flag varieties of simple groups and determine the corresponding restricted
branching monoids. The second direction is to study flag varieties XI that have com-
plexity 1 under the action of a connected reductive subgroup H ⊂ G. (Here complexity
means the codimension of a generic BH-orbit in XI ; in this terminology, spherical ac-
tions are actions of complexity 0.) In this setting, it would be interesting to classify all
triples (G,H, I) with G simple such that H acts on XI with complexity 1 and to find
the corresponding branching rules for restrictions to H of all representations RG(λ) with
λ ∈ Λ+I (G). (Note that these restrictions are not multiplicity free anymore.) Feasibility
of these problems is suggested by the fact that they have already been solved in the case
I = S (see [AkPa]) and in the case where H is a Levi subgroup of G (see [Pon2, Pon3]).
This paper is organized as follows. In § 2, we set up notation and conventions used
throughout the paper. In § 3, we discuss several basic notions needed in this paper. In § 4,
we study general properties of restricted branching monoids corresponding to spherical
actions on flag varieties. In § 5, we present the classification of spherical actions on
flag varieties in cases (C1), (C2), and (C3) together with the corresponding restricted
branching monoids. At last, the restricted branching monoids in cases (C2) and (C3) are
computed in § 6 for case (C2) and in § 7 for case (C3).
Acknowledgements. The authors are grateful to Dmitry Timashev for useful discus-
sions. The first author thanks the Institute for Fundamental Science in Moscow for
providing excellent working conditions.
The results of §§ 6.5–6.12, 7.4–7.7 are obtained by the first author supported by the
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2. Notation and conventions
All objects considered in this paper are defined over an algebraically closed field F of
characteristic 0. We denote by F× the multiplicative group of F.
Throughout the paper, all topological terms refer to the Zariski topology. All subgroups
of algebraic groups are assumed to be closed. The Lie algebras of algebraic groups denoted
by capital Latin letters are denoted by the corresponding small Gothic letters. Given an
algebraic group K, a K-variety is an algebraic variety equipped with a regular action
of K.
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Notation:
Z
+ = {z ∈ Z | z ≥ 0};
e is the identity element of any group;
|X| is the cardinality of a finite set X;
V ∗ is the vector space of linear functions on a vector space V ;
Sd V is the dth symmetric power of a vector space V ;
∧dV is the dth exterior power of a vector space V ;
X(K) is the character group of a group K (in additive notation);
K ′ is the derived subgroup of a group K;
CK is the connected component of the identity of the center of an algebraic group K;
Ku is the unipotent radical of an algebraic group K;
rkK is the rank of an algebraic group K, that is, the dimension of a maximal torus
of K;
Kx is the stabilizer of a point x of a K-variety X;
F[X ] is the algebra of regular functions on an algebraic variety X;
F(X) is the field of rational functions on an irreducible algebraic variety X;
TxX is the tangent space of an algebraic variety X at a point x ∈ X;
V
(K)
χ is the space of semi-invariants of weight χ ∈ X(K) for an action of a group K on
a vector space V .
The simple roots and fundamental weights of simple algebraic groups are numbered as
in [Bou], and the same applies to nodes of connected Dynkin diagrams.
Given two algebraic groups F ⊂ K and a K-module V , the restriction of V to F is
denoted by V |F .
Given an algebraic group K and subgroups K1, K2 ⊂ K, the notation K = K1 · K2
means that K is an almost direct product of K1, K2, that is, K = K1K2, the subgroups
K1, K2 commute with each other and the intersection K1∩K2 is finite (equivalently, there
is a Lie algebra direct sum k = k1 ⊕ k2).
For every connected reductive algebraic group K, we fix a Borel subgroup BK and a
maximal torus TK ⊂ BK . Let B
−
K be the Borel subgroup of K opposite to BK with
respect to TK , that is, BK ∩ B
−
K = TK . The lattices X(BK) and X(B
−
K) are identified
with X(TK) via restricting characters to the torus TK . We denote by Λ
+(K) the set of
dominant weights of TK with respect to BK . For every λ ∈ Λ
+(K), we denote by RK(λ)
the simple K-module with highest weight λ and by λ∗ the highest weight of the simple
K-module RK(λ)
∗.
Throughout the paper, G denotes a simply connected semisimple algebraic group. Let
∆G ⊂ X(TG) be the root system of G with respect to TG and let ΠG ⊂ ∆G be the
set of simple roots relative to BG. For every α ∈ ∆G, let gα ⊂ g be corresponding
root subspace. Let pi1, . . . , pis ∈ Λ
+(G) be all the fundamental weights of G, so that
Λ+(G) = Z+{pi1, . . . , pis}, and put S = {1, . . . , s}. For every i ∈ S, let αi ∈ ΠG be the
corresponding simple root.
For every subset I ⊂ S, we consider the monoid Λ+I (G) = Z
+{pii | i ∈ I} ⊂ Λ
+(G).
We put λI =
∑
i∈I
pii and let PI be the stabilizer in G of the line spanned by a highest
weight vector (with respect to BG) in RG(λI). Then PI is a parabolic subgroup of G
containing BG and the Lie algebra pI is generated by bG and the root subspaces g−αi with
i /∈ I. Let also P−I ⊃ B
−
G be the parabolic subgroup of G opposite to PI , that is, the Lie
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algebra p−I is generated by b
−
G and the root subspaces gαi with i /∈ I. Further, we put
LI = PI ∩P
−
I ; this is a Levi subgroup of both PI and P
−
I . Note that the character lattices
X(PI), X(P
−
I ), and X(LI) are canonically identified with ZΛ
+
I (G) = Z{pii | i ∈ I}. At
last, we let XI = G/P
−
I be the flag variety of G corresponding to I.
3. Preliminaries
3.1. Spherical varieties. Given a connected reductive algebraic group K, an irreducible
K-variety X is said to be spherical (or K-spherical) if X contains an open orbit for the
induced action of BK .
Given a K-spherical variety X, put
ΛX = {λ ∈ X(TK) | F(X)
(B)
λ 6= 0}.
Clearly, ΛX is a sublattice of X(TK); it is said to be the weight lattice of X. The rank of
this lattice is referred to as the rank of the K-spherical variety X; we denote it by rkK X.
3.2. Spherical modules. All modules considered in this subsection are assumed to be
finite-dimensional.
Let K be a connected reductive algebraic group. A spherical K-module is a K-module
V that is spherical as a K-variety. According to [ViKi, Theorem 2], a K-module V is
spherical if and only if the induced representation of K on F[V ] is multiplicity free. In
this case, the highest weights of simple K-modules occurring in F[V ] form a monoid
E(V ), called the weight monoid of V . It is well known that E(V ) is free; see, for in-
stance, [Kno, Theorem 3.2]. Moreover, one has rkK V = rkE(V ); see, for instance, [Tim,
Proposition 5.14].
All the terminology introduced below in this subsection follows Knop [Kno, § 5].
Given two connected reductive algebraic groups K1, K2, let V1 be a K1-module, let V2
be a K2-module, and consider the corresponding representations ρ1 : K1 → GL(V1) and
ρ2 : K2 → GL(V2). We say that the pairs (K1, V1) and (K2, V2) are geometrically equivalent
(or just equivalent for short) if there exists an isomorphism V1
∼
−→ V2 identifying the groups
ρ1(K1) ⊂ GL(V1) and ρ2(K2) ⊂ GL(V2). In other words, the pairs (K1, V1) and (K2, V2)
are equivalent if and only if they define the same linear group. As an important example,
every pair (K, V ) is equivalent to the pair (K, V ∗).
Given a K-module V , consider the corresponding representation ρ : K → GL(V ). We
say that the K-module V is saturated if the dimension of the center of ρ(K) equals the
number of irreducible summands of V . (Equivalently, the centralizer of ρ(K) in GL(V )
is contained in ρ(K).)
We say that a K-module V is decomposable if there exist connected reductive alge-
braic groups K1, K2, a K1-module V1, and a K2-module V2 such that the pair (K, V ) is
equivalent to (K1 ×K2, V1 ⊕ V2). Clearly, in this situation V is a spherical K-module if
and only if V1 is a spherical K1-module and V2 is a spherical K2-module, in which case
E(V ) ≃ E(V1)⊕ E(V2) and rkK V = rkK1 V1 + rkK2 V2. We say that V is indecomposable
if V is not decomposable.
There exists a complete classification (up to equivalence) of all indecomposable satu-
rated spherical modules. It was obtained in [Kac] for simple modules and independently
in [BeRa] and [Lea] for non-simple modules. Moreover, for each of these modules the cor-
responding weight monoids are known thanks to the papers [HoUm] (the case of simple
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modules) and [Lea] (the case of non-simple modules). A complete list (up to equivalence)
of all indecomposable saturated spherical modules can be found in [Kno, § 5] along with
various additional data, including the rank and indecomposable elements of the weight
monoids.
For an arbitrary spherical K-module V , fix a decomposition V = V1 ⊕ . . . ⊕ Vn into
a direct sum of simple K-submodules and let Z be the subgroup of GL(V ) consisting
of the elements that act by scalar transformations on each Vi, i = 1, . . . , n. Then V
is a saturated spherical (Z × K ′)-module, hence the pair (Z × K ′, V ) is equivalent to
(K1 × . . .×Km,W1 ⊕ . . .⊕Wm) where Ki is a connected reductive algebraic group and
Wi is an indecomposable saturated spherical Ki-module for each i = 1, . . . , m. In this
situation, it is easy to see that rkK V = rkZ×K ′ V = rkK1 W1+ . . .+ rkKm Wm. Note that,
up to equivalence, for every i = 1, . . . , m the pair (Ki,Wi) is uniquely determined by the
pair (K ′i,Wi), and the whole collection of pairs (K
′
i,Wi) is uniquely determined by the
pair (K ′, V ), hence to compute rkK V it suffices to know only the pair (K
′, V ). The latter
observation together with the information from [Kno, § 5] on ranks of indecomposable
saturated spherical modules will be always used for computing the ranks of spherical
modules in §§ 6, 7.
3.3. Homogeneous line bundles. Let K be a subgroup of G and consider the homo-
geneous space X = G/K.
A homogeneous line bundle on X is a line bundle L on X equipped with an action of
G such that the natural projection L→ X is G-equivariant and the stabilizer in G of any
point x ∈ X acts linearly on the fiber over x. In this case, the space of global sections
H0(X,L) is naturally equipped with the structure of a G-module. Let PicGX denote the
group of (G-equivariant isomorphism classes of) homogeneous line bundles on X.
Given a character χ ∈ X(K), consider the one-dimensional K-module F1χ on which K
acts via the character χ. Let K act on G by right multiplication and let L(χ) be the
quotient (G×F1χ)/K with respect to the diagonal action of K. Considered together with
the natural map L(χ) → X, L(χ) becomes a homogeneous line bundle on X, and there
is a G-module isomorphism
(3.1) H0(X,L(χ)) ≃ F[G]
(K)
−χ .
According to [Pop, Theorem 4], the above-described map X(K)→ PicGX, χ 7→ L(χ),
is an isomorphism.
3.4. Branching monoids and restricted branching monoids. Let H ⊂ G be a
connected reductive subgroup. For every λ ∈ Λ+(G) and every µ ∈ Λ+(H), the number
mλ(µ) = dimHomH(RH(µ), RG(λ)|H)
is called the multiplicity of RH(µ) in RG(λ). Clearly, mλ(µ) = dimRG(λ)
(BH )
µ . We put
Γ(G,H) = {(λ;µ) ∈ Λ+(G)× Λ+(H) | mλ(µ) > 0}.
By definition, (λ;µ) ∈ Γ(G,H) if and only if theH-module RG(λ)|H contains a submodule
isomorphic to RH(µ).
Regard the algebra F[G] as a (G×G)-module on which the left (resp. right) factor acts
by the formula (gf)(x) = f(g−1x) (resp. (gf)(x) = f(xg)), where g, x ∈ G and f ∈ F[G].
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Then there is the following well-known (G × G)-module isomorphism (see, for instance,
[Kra, II.3.1, Theorem 3] or [Tim, Theorem 2.15]):
(3.2) F[G] ≃
⊕
λ∈Λ+(G)
RG(λ)⊗RG(λ)
∗,
where on the right-hand side the left (resp. right) factor of G×G acts on the left (resp.
right) tensor factor of each summand.
In what follows, for every subgroup K ⊂ G×G the K-semi-invariants in F[G] are taken
with respect to the action of K induced by the above-mentioned action of G×G.
From (3.2) we see that mλ(µ) = dimF[G]
(BH×B
−
G
)
(µ,−λ) . Since
F[G]
(BH×B
−
G
)
(µ1,−λ1)
· F[G]
(BH×B
−
G
)
(µ2,−λ2)
⊂ F[G]
(BH×B
−
G
)
(µ1+µ2,−λ1−λ2)
for any two pairs (λ1;µ1), (λ2;µ2) ∈ Λ
+(G)×Λ+(H) and the algebra F[G] contains no zero
divisors, it follows that Γ(G,H) is a monoid. In fact, this monoid is finitely generated,
see [AkPa, Theorem 2(ii)] (compare also with [Ela, § 2, Theorem]). The terminology
introduced in the definition below follows Yacobi [Yac, § 2.1].
Definition 3.1. The monoid Γ(G,H) is called the branching monoid for the pair (G,H).
Given any subset I ⊂ S, we introduce the monoid
ΓI(G,H) = {(λ;µ) ∈ Γ(G,H) | λ ∈ Λ
+
I (G)}.
Definition 3.2. The monoid ΓI(G,H) is called the restricted branching monoid corre-
sponding to the subset I.
Formula (3.2) implies that (λ;µ) ∈ ΓI(G,H) if and only if F[G]
(BH×P
−
I
)
(µ,−λ) 6= 0. In
particular, we obtain the following fact, which can be also deduced directly from the
definitions.
Remark 3.3. The element (0; 0) is the unique element in ΓI(G,H) of the form (0; ∗).
4. Restricted branching monoids related to spherical actions on flag
varieties
Throughout this section, H is a connected reductive subgroup of G and I ⊂ S is an
arbitrary subset.
4.1. Characterization of spherical actions on flag varieties. The following theorem
is a particular case of [ViKi, Corollary 1].
Theorem 4.1. The following conditions are equivalent:
(1) For every λ ∈ Λ+I (G), the H-module RG(λ)|H is multiplicity free.
(2) The flag variety XI is H-spherical.
Note that condition (1) is equivalent to mλ(µ) ≤ 1 for all λ ∈ Λ
+
I (G) and µ ∈ Λ
+(H).
It is easy to see that under the conditions of Theorem 4.1 the restriction to H of any
simple G-module RG(λ) with λ ∈ Λ
+
I (G) is uniquely determined by the monoid ΓI(G,H)
as follows:
(4.1) RG(λ)|H ≃
⊕
µ∈Λ+(H) : (λ;µ)∈ΓI (G,H)
RH(µ).
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Given a character λ ∈ X(P−I ), let L(λ) be the corresponding homogeneous line bundle
on XI (see § 3.3). Comparing formulas (3.1) and (3.2) we find that there is a G-module
isomorphism
(4.2) H0(XI , L(λ)) ≃
{
RG(λ) if λ ∈ Λ
+
I (G);
0 otherwise.
4.2. Freeness of restricted branching monoids. Let D denote the set of BH-stable
prime divisors on XI . Note that D is finite whenever XI is H-spherical.
Theorem 4.2. Under the conditions of Theorem 4.1, the monoid ΓI(G,H) is free and
its rank equals the cardinality of D.
Proof. Let Z+D be the monoid of nonnegative integer linear combinations of elements inD
and consider the map ϕ : ΓI(G,H)→ Z
+D sending a pair (λ;µ) to the divisor of zeros of
a (unique up to proportionality) BH -semi-invariant section in H
0(XI , L(λ)) ≃ RG(λ) of
weight µ. It is easy to see that ϕ is an injective monoid homomorphism. Now consider an
arbitrary divisor D ∈ Z+D. Being an effective Cartier divisor, D determines a line bundle
L on XI together with a (unique up to proportionality) section sD ∈ H
0(XI , L) such that
D is the divisor of zeros of sD. As G is simply connected, L admits a unique structure of
a homogeneous line bundle (see [Pop, Proposition 1 and Theorem 4]), so that L ≃ L(λ)
for some λ ∈ X(P−I ). By (4.2) the condition H
0(X,L(λ)) 6= 0 implies λ ∈ Λ+I (G). Since
the divisor D is BH -stable, it follows that the section sD is BH-semi-invariant of some
weight µ ∈ Λ+(H). Consequently, D is the image of the pair (λ;µ), and we have proved
the surjectivity of ϕ. Thus ϕ is an isomorphism. 
Remark 4.3. Theorem 4.2 is a particular case of a general result on Cox rings of spherical
varieties, see [Bri, Proposition 4.2.3] or [ADHL, Theorem 5.4.6(i)].
4.3. Formulas for the rank of restricted branching monoids.
Proposition 4.4. Under the conditions of Theorem 4.1, rk ΓI(G,H) = |I|+ rkH XI .
Proof. Let Λ be the weight lattice of XI as an H-spherical variety and let ZD denote
the free Abelian group generated by D. There is an injective map Λ → ZD sending an
element λ to the divisor of a (unique up to proportionality) BH-semi-invariant rational
function on XI of weight λ. Further, since PicXI is freely generated by the images of all
BG-stable prime divisors, there is a surjective map ZD → PicXI . Clearly, the composite
map Λ → ZD → PicXI is zero and every element of ZD with zero image in PicXI is
the divisor of zeros of a BH-semi-invariant rational function on XI , which yields an exact
sequence
0→ Λ→ ZD → PicXI → 0.
Consequently, |D| = rkPicXI + rkH XI . As rkPicXI = |I|, the claim is implied by
Theorem 4.2. 
In order to compute the rank of an H-spherical variety XI , we shall need the result of
Panyushev stated in Theorem 4.5 below.
Suppose that a connected reductive algebraic group K acts on a smooth irreducible
variety X and Y ⊂ X is a smooth K-stable locally closed subvariety. Then one can
consider the normal bundle NX/Y and the conormal bundle N
∨
X/Y of Y in X, which are
10 ROMAN AVDEEV AND ALEXEY PETUKHOV
K-varieties in a natural way; see [Pan, § 2] for details. The next theorem is a particular
case of [Pan, Corollary 2.4].
Theorem 4.5. The following conditions are equivalent:
(1) X is K-spherical.
(2) NX/Y is K-spherical.
(3) N∨X/Y is K-spherical.
Moreover, under the above three conditions one has rkK X = rkK NX/Y = rkK N
∨
X/Y .
Here is a useful consequence of the above theorem.
Proposition 4.6. Suppose that X is complete, Y ⊂ X is a closed K-orbit, y ∈ Y , and
M is a Levi subgroup of Ky. Then the following conditions are equivalent:
(1) X is a K-spherical variety.
(2) TyX/TyY is a spherical M-module.
Moreover, under the above two conditions one has rkK X = rkM(TyX/TyY ).
Proof. By Theorem 4.5, condition (1) holds if and only if the normal bundle NX/Y is
K-spherical. Let ϕ : NX/Y → Y be the natural K-equivariant projection and consider the
M-module V = ϕ−1(y) = TyX/TyY . As Y is a closed K-orbit in X, it follows that Ky
is a parabolic subgroup of K. Without loss of generality we may assume that the Borel
subgroup BK is chosen in such a way that Ky ∩BK = M ∩BK is a Borel subgroup of M .
In this case, BK has an open orbit O in Y . Restricting ϕ to the open BK-stable subset
ϕ−1(O) we easily see that the existence of an open BK-orbit in NX/Y is equivalent to the
existence of an open (M ∩ BK)-orbit in V , hence NX/Y being K-spherical is equivalent
to (2).
Now suppose that conditions (1) and (2) hold. Then rkK X = rkK NX/Y by Theo-
rem 4.5. As the group BuK acts transitively on O, BK-semi-invariant rational functions
on NX/Y restrict bijectively to (M ∩ BK)-semi-invariant rational functions on V . The
latter yields rkK NX/Y = rkM V as required. 
Corollary 4.7 (compare with [HNOO, Theorem 4.2]). Suppose that X is a flag variety
for G, Y ⊂ X is a closed H-orbit, and y ∈ Y . Put P = Gy and let M be a Levi subgroup
of Hy. Then the following conditions are equivalent:
(1) X is an H-spherical variety.
(2) g/(p+ h) is an M-spherical module.
Moreover, under the above two conditions one has rkH X = rkM(g/(p+ h)).
Proof. This follows directly from Proposition 4.6 in view of the M-module isomorphism
TyX/TyY ≃ (g/p)/(h/(h ∩ p)) ≃ g/(p+ h). 
It is well known that, under an appropriate choice of H within its conjugacy class
in G, one can achieve the inclusion B−H ⊂ B
−
G . In this situation, we obtain the following
refinement of Proposition 4.4, which will be extensively used in our paper.
Corollary 4.8. Under the conditions of Theorem 4.1, suppose in addition that B−H ⊂ B
−
G
and let M be a Levi subgroup of P−I ∩H. Then g/(p
−
I + h) is a spherical M-module and
rk ΓI(G,H) = |I|+ rkM(g/(p
−
I + h)).
BRANCHING RULES RELATED TO SPHERICAL ACTIONS 11
Proof. Since B−H ⊂ B
−
G , it follows that Q = P
−
I ∩H is a parabolic subgroup of H . Clearly,
Q is the stabilizer in H of the point y = eP−I ∈ XI , hence Y = Hy is a closed H-orbit
in XI . Now the required result follows from Corollary 4.7 and Proposition 4.4. 
4.4. Indecomposable elements of restricted branching monoids. The statements
in this subsection turn out to be enough to determine all indecomposable elements of the
monoids ΓI(G,H) in §§ 6, 7.
Proposition 4.9. For every i ∈ I and every µ ∈ Λ+(H) with mpii(µ) > 0, the element
(pii;µ) is indecomposable in ΓI(G,H).
Proof. This follows from Remark 3.3. 
For every i ∈ I we setM(i) = {µ ∈ Λ+(H) | mpii(µ) > 0}. For every i, j ∈ I (not neces-
sarily distinct) we define theH-moduleWi,j(G,H) =
⊕
µ∈M(i)+M(j)
RH(µ). Since ΓI(G,H) is
a monoid, it follows from the definition that Wi,j(G,H) is a submodule of RG(pii + pij)|H .
Proposition 4.10. For every i, j ∈ I and every µ ∈ Λ+(H) such that mpii+pij(µ) > 0 and
µ /∈M(i) +M(j), the element (pii + pij ;µ) is indecomposable in ΓI(G,H).
Proof. This follows from the definition of the setM(i)+M(j) and again from Remark 3.3.

5. The restricted branching monoids in cases (C1), (C2), and (C3)
In this section, we present the rank and indecomposable elements of all restricted
branching monoids in cases (C1), (C2), and (C3).
5.1. Reductions. The goal of this subsection is to describe several reductions that sim-
plify the statement of all the theorems in this section. Fix a connected reductive subgroup
H ⊂ G and a subset I ⊂ S and suppose that the variety XI is H-spherical.
Reduction 1. Choose an arbitrary subset I ′ ⊂ I. Then the variety XI′ is automatically
H-spherical and the indecomposable elements of ΓI′(G,H) are those of ΓI(G,H) for which
the first component belongs to Λ+I′(G). Therefore, for a given pair (G,H), it is enough to
consider subsets I ⊂ S that are maximal with the property that XI is H-spherical.
Reduction 2. For every i ∈ S define i∗ ∈ S in such a way that pii∗ = pi
∗
i and put
I∗ = {i∗ | i ∈ I}. Given λ ∈ Λ+I (G), taking the duals of the both sides of (4.1) we get
RG(λ
∗)|H ≃
⊕
µ∈Λ+(H) : (λ,µ)∈ΓI (G,H)
RH(µ
∗).
Then Theorem 4.1 implies that XI∗ is H-spherical as well. Moreover, (λ;µ) ∈ ΓI(G,H)
if and only if (λ∗;µ∗) ∈ ΓI∗(G,H). In particular, (λ;µ) is an indecomposable element
of ΓI(G,H) if and only if (λ
∗;µ∗) is an indecomposable element of ΓI∗(G,H). In this
situation, we say that the triples (G,H, I) and (G,H, I∗) are related by duality.
Reduction 3. Given an outer automorphism σ of G, denote by the same letter σ the
following objects:
• the bijection of S induced by the corresponding automorphism of the Dynkin
diagram of G;
• the induced bijection Λ+(G)→ Λ+(G);
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• the induced bijection Λ+(H)→ Λ+(σ(H)).
Now, given λ ∈ Λ+I (G), after changing the action of G on RG(λ) to (g, v) 7→ σ
−1(g)(v)
formula (4.1) takes the form
RG(σ(λ))|σ(H) ≃
⊕
µ∈Λ+(H) : (λ;µ)∈ΓI (G,H)
Rσ(H)(σ(µ)).
Then Theorem 4.1 implies that Xσ(I) is σ(H)-spherical. Moreover, (λ;µ) ∈ ΓI(G,H)
if and only if (σ(λ); σ(µ)) ∈ Γσ(I)(G, σ(H)). In particular, (λ;µ) is an indecompos-
able element of ΓI(G,H) if and only if (σ(λ); σ(µ)) is an indecomposable element of
Γσ(I)(G, σ(H)). In this situation, we say that the triple (G, σ(H), σ(I)) is obtained from
(G,H, I) by the automorphism σ. Note that if H = LJ for a subset J ⊂ S then σ(H) is
conjugate to Lσ(J).
5.2. The Levi subgroup case. In this subsection, we present a description of restricted
branching monoids for all spherical actions on flag varieties in case (C1). This description
follows from results of Ponomareva obtained in [Pon2, Pon3]. More precisely, [Pon3,
Theorem 2, part b) and Theorem 1] reduce the description of ΓI(G,H) in each case to
computing the algebras of unipotent invariants of Cox rings of corresponding double flag
varieties; in turn, these algebras are computed in [Pon2, §§ 7–9] for the classical groups G
and in [Pon3, §§ 6,7] for the exceptional groups G.
For the sake of convenience, we separate the cases G = SLn and G 6≃ SLn.
First, we consider the case G = SLn. It is well known that the (conjugacy classes of)
Levi subgroups of SLn are in bijection with partitions of n, that is, tuples of positive
integers (a1, . . . , at) such that a1 ≥ . . . ≥ at and a1 + . . .+ at = n. Given such a partition
a = (a1, . . . , at), the corresponding Levi subgroup La of SLn is determined as follows. Fix
a decomposition Fn = V1 ⊕ . . . ⊕ Vt into a direct sum of subspaces V1, . . . , Vt such that
dimVi = ai for all i = 1, . . . , t. Then La consists of all elements of SLn stabilizing each of
the subspaces V1, . . . , Vt. Clearly, L
′
a
≃ SLa1 × . . .× SLat .
Theorem 5.1. Suppose that G = SLn, a is a partition of n, and I ⊂ S is a nonempty
subset. Put H = La. Then the following conditions are equivalent:
(1) The variety XI is H-spherical and I is maximal with this property.
(2) Up to duality, the triple (G, a, I) is contained in Table 1 (see § 5.5).
Moreover, Table 1 lists also the rank and indecomposable elements of the monoid ΓI(G,H)
for each of the triples (G, a, I).
Remark 5.2. Under the assumptions of Theorem 5.1, for each triple (G, a, I) in Table 1,
all subgroups K ⊂ G such that H ′ ⊂ K ⊂ H and K acts spherically on XI are described
in [AvPe, Theorem 1.7]. By Theorem 4.1, such subgroups K are characterized by the
property that the restrictions to Λ+I (G) ⊕ Λ
+(K) of all the indecomposable elements of
ΓI(G,H) are linearly independent.
In §§ 6, 7 we shall need the following consequence of Theorem 5.1, obtained by Reduc-
tion 1 from Case 2 in Table 1. (The notation is the same as in Table 1, see § 5.5.)
Proposition 5.3. Suppose that G = SLn, H = La with a = (p, q), and I = {i}
with 1 ≤ i ≤ p. Then the variety XI is H-spherical, rk ΓI(G/H) = min(i, q) + 1,
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and the indecomposable elements of ΓI(G/H) are (pii; pii−k + pi
′
k + (i− k)χ1 + kχ2) for
0 ≤ k ≤ min(i, q).
We now turn to the case G 6≃ SLn.
Theorem 5.4. Suppose that G 6≃ SLn and I, J ⊂ S are nonempty subsets. Put H = LJ .
Then the following conditions are equivalent:
(1) The variety XI is H-spherical and I is maximal with this property.
(2) Up to automorphism of G, the triple (G, J, I) is contained in Table 2 (see § 5.5).
Moreover, Table 2 lists also the rank and indecomposable elements of the monoid ΓI(G,H)
for each of the triples (G, J, I).
Remark 5.5. Under the assumptions of Theorems 5.1 and 5.4, the description of ΓI(G,H)
enables one to decompose any representation RG(λ) with λ ∈ Λ
+
I (G) to any subgroup
between H and H ′ by restricting characters of CH .
5.3. The symmetric subgroup case. A subgroup K of G is said to be symmetric if K
is the subgroup of fixed points of a nontrivial involutive automorphism θ of G. As G is
simply connected, in this case K is reductive and connected by [Stei, Theorem 8.1].
Theorem 5.6. Suppose that I ⊂ S is a nonempty subset and
• H is a symmetric subgroup of G;
• H is not a Levi subgroup of G.
Then the following conditions are equivalent:
(1) The variety XI is H-spherical and I is maximal with this property.
(2) Up to duality and up to an automorphism of G, the triple (G,H, I) is contained
in Table 3 (see § 5.5).
Moreover, Table 3 lists also the rank and indecomposable elements of the monoid ΓI(G,H)
for each of the triples (G,H, I).
Remark 5.7. The equivalence of conditions (1) and (2) in Theorem 5.6 is implied by
[HNOO, Theorems 5.2 and 4.2]. The computations of the monoid ΓI(G,H) for each case
in Table 3 are carried out in § 6.
5.4. The case G = SLn. First of all, we discuss separately the case I = {1}. As was
mentioned in the introduction, in this situation XI is the projective space P((F
n)∗). Con-
sequently, given a connected reductive subgroup H ⊂ SLn, the variety XI is spherical if
and only if (Fn)∗ is a spherical (H×F×)-module, where F× acts by scalar transformations.
Let ε be the character via which F× acts on Fn. Then Λ+(H × F×) is naturally identified
with Λ+(H) ⊕ Zε. As F[(Fn)∗] is the symmetric algebra of Fn and Sd(Fn) ≃ RG(dpi1)
for all d ∈ Z+, a comparison of the definitions of ΓI(G,H) and E((F
n)∗) yields the fol-
lowing result: given d ∈ Z+ and µ ∈ Λ+(H), one has (dpi1;µ) ∈ ΓI(G,H) if and only
if µ + dε ∈ E((Fn)∗). The latter yields a canonical isomorphism ΓI(G,H) ≃ E((F
n)∗).
Taking into account the fact that the weight monoids are known for all spherical modules
(see § 3.2), in Theorem 5.9 below we assume I 6= {1} and by duality I 6= {n− 1}.
Remark 5.8. In fact, if a connected reductive subgroup H ⊂ SLn acts spherically on XI
for some I 6= ∅ then H automatically acts spherically on P(Fn) ≃ X{n−1} (and hence on
P((Fn)∗) ≃ X{1} by duality); see [Pet, Theorem 5.8] or [AvPe, Proposition 3.7].
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Given a connected reductive subgroup H ⊂ G, fix a decomposition Fn = V1 ⊕ . . .⊕ Vt
into a direct sum of simple H-modules. Let Z ⊂ G be the subgroup of elements that act
by scalar transformations on each Vi, i = 1, . . . , t. Clearly, H
′ = (ZH)′ and CH ⊂ Z.
If XI is an H-spherical variety for some I ⊂ S then XI is (ZH)-spherical as well. In this
situation, restricting characters of Z to CH yields a natural isomorphism ΓI(G,ZH) ≃
ΓI(G,H). Hence in the theorem below it is enough to restrict ourselves to the subgroups
H satisfying CH = Z.
Theorem 5.9. Suppose that G = SLn with n ≥ 2, I ⊂ S is a nonempty subset distinct
from {1} and {n− 1}, and H ⊂ G is a connected reductive subgroup such that
• CH = Z;
• H is not a Levi subgroup of G;
• H is not a symmetric subgroup of G.
Then the following conditions are equivalent:
(1) The variety XI is H-spherical and I is maximal with this property.
(2) Up to duality, the triple (G,H ′, I) is contained in Table 4 (see § 5.5).
Moreover, Table 4 lists also the rank and indecomposable elements of the monoid ΓI(G,H)
for each of the triples (G,H ′, I).
Remark 5.10. The equivalence of conditions (1) and (2) in Theorem 5.9 is implied by [AvPe,
Theorem 1.7]. The computations of the monoid ΓI(G,H) for each case in Table 4 are
carried out in § 7.
Remark 5.11. Under the assumptions of Theorem 5.9, for each triple (G,H ′, I) in Table 4,
all subgroups K ⊂ G such that H ′ ⊂ K ⊂ H and K acts spherically on XI are also
described in [AvPe, Theorem 1.7]. By Theorem 4.1, such subgroups K are characterized
by the property that the restrictions to Λ+I (G)⊕Λ
+(K) of all the indecomposable elements
of ΓI(G,H) are linearly independent.
5.5. The tables. Before presenting our tables, we explain some notation and introduce
several conventions used in the tables.
The symbol δji denotes the Kronecker delta, that is, δ
j
i = 1 for i = j and δ
j
i = 0
otherwise.
Whenever an element (λ;µ) in the last column is followed by a parenthesis containing
a certain condition (equality or inequality) on parameters, this means that (λ;µ) is an
indecomposable element of ΓI(G,H) if and only if the condition is satisfied.
In Tables 1, 3, and 4, if the groupH ′ is a product of one, two, or three factors each being
either simple or Spin4, then pii (resp. pi
′
i, pi
′′
i ) stands for the ith fundamental weight of the
first (resp. second, third) factor of H ′ (for Spin4, the fundamental weights have numbers 1
and 2). For convenience in certain formulas, we put pi0 = pi
′
0 = pi
′′
0 = 0. Likewise, if the
first (resp. second, third) factor of H ′ is SLm for some m, we put by convention pim = 0
(resp. pi′m = 0, pi
′′
m = 0).
In each case of Table 2, we have H = LJ for a subset J ⊂ S. In this situation, we choose
BH = BG∩H , TH = TG and identify Λ
+(H) with a submonoid of X(TG) = Z{pi1, . . . , pis}.
Note that this identification implies −pij ∈ Λ
+(H) for all j ∈ J . For convenience in
certain formulas, we put pi0 = 0.
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In Cases 4 and 5 of Table 3, the subgroup H = Spinp · Spinq is the preimage of the
subgroup SOp× SOq ⊂ SOn under the covering homomorphism Spinn → SOn. By con-
vention, Spin1 = {e}.
In Cases 6–11 of Table 3, H is a connected semisimple subgroup of G of the indicated
type.
The following convention applies to Tables 1, 3, and 4. When the Dynkin diagram
of a factor (either simple or Spin4) of H
′ has nontrivial symmetries, the numbering of
simple roots of this factor is not uniquely determined and hence can influence the explicit
expressions for (some of) indecomposable elements of ΓI(G,H). This is fixed by making
the following additional conventions:
• in Cases 1–8 of Table 1 and Cases 1, 3, 4 of Table 4: for each simple factor F
of H ′, the highest weight of the unique nontrivial simple F -module in RG(pi1)|F is
the first fundamental weight of F ;
• in Cases 4, 5 of Table 3 with p = 4: the first fundamental weight of the factor Spinp
of H is chosen in such a way that RG(pi1)|Spinp contains a submodule isomorphic
to RSpinp(pi1); a similar convention applies to Case 5 of Table 3 with q = 4;
• in Case 5.4 of Table 3: the last two fundamental weights of the factor Spinq may be
chosen arbitrarily and the (p/2)th fundamental weight of the factor Spinp is chosen
in such a way that RG(pin)|H contains a submodule isomorphic to RH(pi p2 + pi
′
q
2
);
• in Case 8 of Table 3: the first fundamental weight of the factor A5 of H is chosen
in such a way that RG(pi1)|H contains a submodule isomorphic to RH(pi1 + pi
′
1);
• in Case 11 of Table 3: the 6th fundamental weight of the factor D6 is chosen in
such a way that RG(pi7)|H contains a submodule isomorphic to RH(pi6).
Recall from §§ 5.2, 5.4 that each case in Tables 1 and 4 comes together with a decom-
position Fn = V1⊕ . . .⊕Vt into a direct sum of simple H-modules. We assume in all cases
that the ith factor of H ′ acts irreducibly on Vi and trivially on Vj with j 6= i. Moreover,
if the ith factor of H ′ is of type SL or Sp then Vi is the space of the tautological represen-
tation of this factor. In Case 6 of Table 4, the group H = Spin7 acts on F
8 via its spinor
representation. In all the cases, for each i = 1, . . . , t we denote by χi the character of CH
via which CH acts on Vi.
Under the assumptions of the previous paragraph, the condition H ⊂ SLn implies
the relation
t∑
i=1
(dimVi)χi = 0, therefore the explicit expression of each indecomposable
element of ΓI(G,H) is not uniquely determined. To resolve this ambiguity, consider the
group Ĝ = GLn and put Ĥ = CĜ · H . For every i = 1, . . . , t, denote by the same
symbol χi the character of CĤ via which CĤ acts on Vi. For every i = 1, . . . , n − 1, let
pii ∈ Λ
+(Ĝ) be the highest weight of the Ĝ-module ∧iFn. Then for each case in Table 1
and for Cases 1–5 in Table 4 the explicit expression of each indecomposable element (λ;µ)
of ΓI(G,H) is chosen in such a way that (λ;µ) belongs to Γ(Ĝ, Ĥ) when regarded as an
element of Λ+(Ĝ)⊕Λ+(Ĥ). As a consequence, all formulas of the form (4.1) obtained for
the group G in these cases remain valid after replacing G with Ĝ and H with Ĥ.
As a final remark, we point out that in all tables the symbols pii are used in two
different meanings: as the fundamental weights of G and as certain dominant weights
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of H (specified above for each table). We note however that this does not cause any
ambiguity.
Table 1: The Levi subgroup case: G = SLn
No. Conditions Rank Indecomposable elements of ΓI(G,H)
1
a=(p, 1),
I=S
2n−2
(pik; pik+kχ1) for 1≤k≤n−1;
(pik; pik−1+(k−1)χ1+χ2) for 1≤k≤n−1
2
a=(p, q),
I={1, i},
2≤i≤p
2+min(2i−1, 2q)
(pi1; pi1+χ1), (pi1; pi
′
1+χ2),
(pii; pii−k+pi
′
k+(i−k)χ1 + kχ2)
for 0≤k≤min(i, q),
(pi1+pii; pii+1−k+pi
′
k+(i+1−k)χ1 + kχ2)
for 2≤k≤min(i−1, q)
3
a=(p, q),
I={1, i}
i>p≥2
3+2n−2i
(pi1; pi1+χ1), (pi1; pi
′
1+χ2),
(pii; pii−k+pi
′
k+(i−k)χ1+kχ2)
for i−p≤k≤q,
(pi1+pii; pii+1−k+pi
′
k+(i+1−k)χ1+kχ2)
for i+1−p≤k≤q
4
a=(p, q),
I={i, i+1},
p≥i+1
2+min(2i+1, 2q)
(pii; pii−k+pi
′
k+(i−k)χ1+kχ2)
for 0≤k≤min(i, q),
(pii+1; pii+1−k+pi
′
k+(i+1−k)χ1+kχ2)
for 0≤k≤min(i+1, q)
5
a=(p, 2),
I={i, j},
2≤i<j,
j−i≥2,
n−j≥2
7
(pii; pii+iχ1), (pii; pii−1+pi
′
1+(i−1)χ1+χ2),
(pii; pii−2+(i−2)χ1+2χ2),
(pij; pij+jχ1), (pij ; pij−1+pi
′
1+(j−1)χ1+χ2),
(pij; pij−2+(j−2)χ1+2χ2),
(pii+pij ; pii−1+pij−1+(i−1)χ1+(j−1)χ2+2χ2)
6
a=(p, q, 1),
I={i},
1≤i≤p
2+min(2i−1, 2q)
(pii; pii−1−k+pi
′
k + (i−1−k)χ1+kχ2+χ3)
for 0≤k≤min(i−1, q),
(pii; pii−k+pi
′
k+(i−k)χ1+kχ2)
for 0≤k≤min(i, q)
7
a=(p, q, 1),
I={i},
i>p
1+2n−2i
(pii; pii−1−k+pi
′
k+(i−1−k)χ1+kχ2+χ3)
for i−1−p≤k≤q−1,
(pii; pii−k+pi
′
k+(i−k)χ1+kχ2)
for i−p≤k≤q−1
8
a=(p, q, r),
I={2},
r≥2
6
(pi2; pi2+2χ1), (pi2; pi
′
2+2χ2), (pi2; pi
′′
2+2χ3),
(pi2; pi1+pi
′
1+χ1+χ2), (pi2; pi1+pi
′′
1+χ1+χ3),
(pi2; pi
′
1+pi
′′
1+χ2+χ3)
9
a=(1, 1, . . . , 1),
I={1}
n (pi1;χk) for 1≤k≤n
Table 2: The Levi subgroup case: G 6≃ SLn
No. Conditions Rank Indecomposable elements of ΓI(G,H)
1 G = Sp2n, n ≥ 2
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Table 2: The Levi subgroup case: G 6≃ SLn (continued)
No. Conditions Rank Indecomposable elements of ΓI(G,H)
1.1
J={1},
I={i}
4−δ1i−δ
n
i
(pii; pii), (pii; pii−1−pi1),
(pii; pii+1−pi1) (i≤n−1), (pii; pii−2pi1) (i≥2)
1.2
J={j},
I={1}
4−δ1j−δ
n
j
(pi1; pi1), (pi1; pij−1−pij),
(pi1; pij+1−pij) (j≤n−1), (2pi1; 0) (j≥2)
1.3
J={n},
I={n}
1+n
(pin; pin), (pin;−pin),
(pin; 2pik−pin) for 1≤k≤n−1
2 G = Spin2n+1, n ≥ 3
2.1
J={1},
I={i}
4−δ1i−δ
n
i
(pii; pii), (pii; pii−1−pi1) (i≤n−1), (2pin; pin−1−pi1) (i=n),
(pii; pii+1−pi1) (i≤n−2), (pin−1; 2pin−pi1) (i=n−1),
(pii; pii−2pi1) (2≤i≤n−1), (pin; pin−pi1) (i=n)
2.2
J={j},
I={1}
4−δ1j−δ
n
j
(pi1; pi1), (pi1; pij−1−pij) (j≤n−1),
(pi1; pin−1−2pin) (j=n),
(pi1; pij+1−pij) (j≤n−2), (pi1; 2pin−pin−1) (j=n−1),
(pi1; 0) (j=n), (2pi1; 0) (2≤j≤n−1)
2.3
J={n},
I={n}
1+n
(pin; pin), (pin;−pin),
(pin; pik−pin) for 1≤k≤n−1
3 G = Spin2n, n ≥ 4
3.1
J={1},
I={i, n},
1≤i≤n−2
6− δ1i
(pii; pii), (pii; pii−1−pi1), (pii; pii+1−pi1) (i≤n−3),
(pin−2; pin−1+pin−pi1) (i=n−2), (pii; pii−2pi1) (i≥2),
(pin; pin), (pin; pin−1−pi1)
3.2
J={1},
I={n−1, n}
5
(pin−1; pin−1), (pin−1; pin−pi1),
(pin; pin), (pin; pin−1−pi1), (pin−1+pin; pin−2−pi1)
3.3
J={2},
I={n}
4
(pin; pin), (pin; pin−pi2),
(pin; pi1+pin−1−pi2), (2pin; pin−2−pi2)
3.4
J={3},
I={n},
n≥5
7−δ5n
(pin; pin), (pin; pi1+pin−pi3), (pin; pi2+pin−1−pi3),
(pin; pin−1−pi3), (2pin; pi1+pin−2−pi3), (2pin; pin−3−pi3),
(2pin; pi2+pin−2−2pi3) (n≥6)
3.5
J={j},
I={1},
1≤j≤n−2
4−δ1j
(pi1; pi1), (pi1; pij−1−pij), (pi1; pij+1−pij) (j≤n−3),
(pi1; pin−1+pin−pin−2) (j=n−2),
(2pi1; 0) (j≥2)
3.6
J={n},
I={1, 2}
6
(pi1; pi1), (pi1; pin−1−pin), (pi2; pi2), (pi2; 0),
(pi2; pi1+pin−1−pin), (pi2; pin−2−2pin)
3.7
J={n},
I={3},
n≥5
7−δ5n
(pi3; pi3), (pi3; pi1), (pi3; pi2+pin−1−pin), (pi3; pin−1−pin),
(pi3; pi1+pin−2−2pin), (pi3; pin−3−2pin),
(2pi3; pi2+pin−2−2pin) (n≥6)
3.8
J={n},
I={1, n−1}
n+1
(pi1; pi1), (pi1; pin−1−pin), (pin−1; pin−1),
(pin−1; pin−2k−1−pin) for 1≤k≤[
n−1
2
],
(pi1+pin−1; pin−2k−pin) for 1≤k≤[
n−2
2
]
3.9
J={n},
I={1, n}
n+1
(pi1; pi1), (pi1; pin−1−pin), (pin; pin),
(pin; pin−2k−pin) for 1≤k≤[
n
2
],
(pi1+pin; pin−2k−1−pin) for 1≤k≤[
n−3
2
]
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Table 2: The Levi subgroup case: G 6≃ SLn (continued)
No. Conditions Rank Indecomposable elements of ΓI(G,H)
3.10
J={n},
I={n−1, n}
n+1
(pin−1; pin−1), (pin; pin),
(pin−1; pin−2k−1−pin) for 1≤k≤[
n−1
2
],
(pin; pin−2k−pin) for 1≤k≤[
n
2
]
3.11
J={1, 2},
I={n}
5
(pin; pin), (pin; pin−pi2), (pin; pin−1−pi1),
(pin; pi1+pin−1−pi2), (2pin; pin−2−pi2)
3.12
J={1, n−1},
I={n}
n
(pin; pin), (pin; pin−1−pi1),
(pin; pin−2k−1−pin−1) for 1≤k≤[
n−1
2
],
(pin; pin−2k−pi1−pin−1) for 1≤k≤[
n−2
2
]
3.13
J={1, n},
I={n}
n
(pin; pin), (pin; pin−1−pi1),
(pin; pin−2k−pin) for 1≤k≤[
n
2
],
(pin; pin−2k−1−pi1−pin) for 1≤k≤[
n−3
2
]
3.14
J={j, n},
I={1},
1≤j≤n−2
5−δ1j
(pi1; pi1), (pi1; pij−1−pij), (pi1; pij+1−pij) (j≤n−3),
(pi1; pin−1+pin−pin−2) (j=n−2), (pi1; pin−1−pin),
(2pi1; 0) (j≥2)
3.15
J={n−1, n},
I={1}
4
(pi1; pi1), (pi1; pin−2−pin−1−pin),
(pi1; pin−1−pin), (pi1; pin−pin−1)
3.16
J={n−1, n},
I={n}
n
(pin; pin),
(pin; pin−2k−1−pin−1) for 1≤k≤[
n−1
2
],
(pin; pin−2k−pin) for 1≤k≤[
n
2
]
4 G = E6
4.1
J={1},
I={1, 6}
7
(pi1; pi1), (pi1; pi3−pi1), (pi1; pi6−pi1), (pi6; pi6), (pi6;−pi1),
(pi6; pi2−pi1), (pi1+pi6; pi5−pi1)
4.2
J={1},
I={2}
4
(pi2; pi2), (pi2; 0), (pi2; pi5−pi1),
(pi3; pi3−2pi1)
4.3
J={1},
I={3}
6
(pi3; pi3), (pi3; pi6), (pi3; pi2−pi1), (pi3; pi4−pi1),
(pi3; pi3+pi6−2pi1), (pi3; pi5−2pi1)
4.4
J={1},
I={5}
6
(pi5; pi5), (pi5; pi3−pi1), (pi5; pi6 − pi1), (pi5; pi4+pi5−pi1),
(pi5; pi2−2pi1), (pi5; pi4−2pi1)
4.5
J={2},
I={1}
4
(pi1; pi1), (pi1; pi1−pi2), (pi1; pi5−pi2),
(2pi1; pi3−pi2)
4.6
J={3},
I={1}
6
(pi1; pi1), (pi1; pi1+pi6−pi3), (pi1; pi2−pi3), (pi1; pi4−pi3),
(2pi1; pi5−pi3), (2pi1; pi6)
4.7
J={5},
I={1}
6
(pi1; pi1), (pi1; pi3−pi5), (pi1; pi4), (pi1; pi6−pi5),
(2pi1; pi2−pi5), (2pi1; pi4−pi5)
4.8
J={6},
I={1}
3 (pi1; pi1), (pi1; pi2−pi6), (pi1;−pi6)
4.9
J={1, 6},
I={1}
6
(pi1; pi1), (pi1; pi3−pi1), (pi1; pi6−pi1), (pi1;−pi6),
(pi1; pi2−pi6), (pi1; pi5−pi1−pi6)
5 G = E7
5.1
J={1},
I={7}
4
(pi7; pi7), (pi7; pi7−pi1), (pi7; pi2−pi1),
(2pi7; pi6−pi1)
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Table 2: The Levi subgroup case: G 6≃ SLn (continued)
No. Conditions Rank Indecomposable elements of ΓI(G,H)
5.2
J={2},
I={7}
7
(pi7; pi7), (pi7; pi6−pi2), (pi7; pi3−pi2), (pi7; pi1−pi2),
(2pi7; pi5−pi2), (2pi7; 0), (2pi7; pi4−2pi2)
5.3
J={7},
I={1}
4
(pi1; pi1), (pi1; 0),
(pi1; pi2−pi7), (pi1; pi6−2pi7)
5.4
J={7},
I={2}
7
(pi2; pi2), (pi2; pi6−pi7), (pi2; pi3−pi7), (pi2; pi1−pi7),
(pi2; pi5−2pi7), (pi2; pi2−2pi7), (2pi2; pi4−2pi7)
5.5
J={7},
I={7}
4
(pi7; pi7), (pi7;−pi7),
(pi7; pi6−pi1), (pi7; pi1−pi7)
Table 3: The non-Levi symmetric subgroup case
No. Conditions Rank Indecomposable elements of ΓI(G,H)
1 G = SLn, H = SOn, n ≥ 3
1.1
n = 2l+1,
I={i},
i≤l
i+1
(pii; pii) (i≤l−1), (pil; 2pil) (i=l),
(2pii; 2pik) for 0≤k≤i−1
1.2
n = 2l,
I={i},
i≤l
i+1
(pii; pii) (i≤l−2), (pil−1; pil−1+pil) (i=l−1),
(pil; 2pil−1) (i=l), (pil; 2pil) (i=l),
(2pii; 2pik) for 0≤k≤min(i−1, l−2)
2 G = SL2n, H = Sp2n, n ≥ 2
2.1
I={1, i},
2≤i≤n
i+1
(pi1; pi1), (pii; pii−2k) for 0≤k≤[
i
2
],
(pi1+pii; pii−1−2k) for 0≤k≤[
i−3
2
]
2.2
I={1, i},
i≥n+1
2n−i+2
(pi1; pi1), (pii; pi2n−i−2k) for 0≤k≤[
2n−i
2
],
(pi1+pii; pi2n−i+1−2k) for 0≤k≤[
2n−i−1
2
]
2.3
I={i, i+1},
i≤n−1
i+2
(pii; pii−2k) for 0≤k≤[
i
2
],
(pii+1; pii+1−2k) for 0≤k≤[
i+1
2
]
2.4 I={1, 2, 3} 6−δ2n
(pi1; pi1), (pi2; pi2), (pi2; 0),
(pi3; pi3) (n≥3), (pi3; pi1), (pi1+pi3; pi2)
2.5
n≥3,
I={1, 2, 2n−1}
6
(pi1; pi1), (pi2; pi2), (pi2; 0), (pi2n−1; pi1),
(pi1+pi2n−1; pi2), (pi2+pi2n−1; pi3)
3 G = Sp2n, H = Sp2p× Sp2q, p ≥ q ≥ 1, p+ q = n
3.1
q=1,
I={i, j},
i<j
7−δ1i−δ
i+1
j −δ
n
j
(pii; pii), (pii; pii−1+pi
′
1), (pii; pii−2) (i≥2),
(pij ; pij) (j≤n−1), (pij; pij−1+pi
′
1),
(pij ; pij−2), (pii+pij ; pii−1+pij−1) (j≤i+2)
3.2
q≥2,
I={1, 2}
6
(pi1; pi1), (pi1; pi
′
1), (pi2; pi2),
(pi2; pi1+pi
′
1), (pi2; pi
′
2), (pi2; 0)
3.3
q≥2,
I={3}
7−δ2p−δ
2
q
(pi3; pi3) (p≥3), (pi3; pi1+pi
′
2),
(pi3; pi1), (pi3; pi
′
1), (pi3; pi2+pi
′
1),
(pi3; pi
′
3) (q≥3), (2pi3; pi2+pi
′
2)
3.4
q≥2,
I={n}
q+1 (pin; pip−k+pi
′
q−k) for 0≤k≤q
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Table 3: The non-Levi symmetric subgroup case (contin-
ued)
No. Conditions Rank Indecomposable elements of ΓI(G,H)
3.5
q=2,
I={i},
4≤i≤n−1
7−δn−1i
(pii; pii) (i≤n−2), (pii; pii−1+pi
′
1),
(pii; pii−2+pi
′
2), (pii; pii−2), (pii; pii−3+pi
′
1),
(pii; pii−4), (2pii; pii−1+pii−3+pi
′
2)
4 G = Spin2n+1, H = Spinp · Spinq, p+ q = 2n+ 1 ≥ 7, p is even, q is odd
4.1
q=1,
I=S
2n
(pik; pik−1) for 1≤k≤n,
(pik; pik) for 1≤k≤n−2,
(pin−1; pin−1+pin), (pin; pin)
4.2
p, q≥3,
I={1}
3 (pi1; pi1), (pi1; pi
′
1), (2pi1; 0)
4.3
p, q≥3,
I={n}
min(p, q)+1
(pin; pi p
2
−1+pi
′
[ q
2
]), (pin; pi p2+pi
′
[ q
2
]),
(2pin; pi p
2
−1+pi p
2
+pi′[ q
2
]−1),
(2pin; pi p
2
−k+pi
′
[ q
2
]−k) for 2≤k≤[
min(p,q)
2
],
(2pin; pi p
2
−k+pi
′
[ q
2
]+1−k) for 2≤k≤[
min(p,q)+1
2
]
5 G = Spin2n, H = Spinp · Spinq, p ≥ q ≥ 1, p+ q = 2n ≥ 8
5.1
q=1,
I=S
2n−1
(pik; pik) for 1≤k≤n−1,
(pik; pik−1) for 1≤k≤n−2,
(pin; pin−1), (pin−1+pin; pin−2)
5.2
q≥3,
I={1}
3 (pi1; pi1), (pi1; pi
′
1), (2pi1; 0)
5.3
q≥3,
I={n},
p, q are odd
[ q
2
]+1
(pin; pi p−1
2
+pi′q−1
2
),
(2pin; pi p−q
2
+k+pi
′
k) for 0≤k≤[
q
2
]−1
5.4
q≥4,
I={n},
p, q are even
q
2
+1
(pin; pi p
2
−1+pi
′
q
2
−1), (pin; pi p2+pi
′
q
2
),
(2pin; pi p−q
2
+k+pi
′
k) for 0≤k≤
q
2
−2
6 G = F4, H = B4
6.1 I={1, 4} 6
(pi1; pi2), (pi1; pi4), (pi4; pi1),
(pi4; pi4), (pi4; 0), (pi1+pi4; pi3)
6.2 I={2} 5
(pi2; pi2), (pi2; pi3), (pi2; pi1+pi3),
(pi2; pi1+pi4), (pi2; pi2+pi4)
6.3 I={3} 5
(pi3; pi1), (pi3; pi2), (pi3; pi3),
(pi3; pi4), (pi3; pi1+pi4)
7 G = E6, H = C4
7.1 I={1} 3 (pi1; pi2), (2pi1; pi4), (2pi1; 0)
8 G = E6, H = A5 · A1
8.1 I={1} 3 (pi1; pi4), (pi1; pi1+pi
′
1), (2pi1; pi2)
9 G = E6, H = F4
9.1 I={1, 2} 5
(pi1; pi4), (pi1; 0), (pi2; pi1), (pi2; pi4),
(pi1+pi2; pi3)
9.2 I={1, 3} 5 (pi1; pi4), (pi1; 0), (pi3; pi1), (pi3; pi3), (pi3; pi4)
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Table 3: The non-Levi symmetric subgroup case (contin-
ued)
No. Conditions Rank Indecomposable elements of ΓI(G,H)
10 G = E7, H = A7
10.1 I={7} 4 (pi7; pi2), (pi7; pi6), (2pi7; pi4), (2pi7; 0)
11 G = E7, H = D6 · A1
11.1 I={7} 3 (pi7; pi6), (pi7; pi1+pi
′
1), (2pi7; pi2)
Table 4: The non-Levi non-symmetric subgroup case for
G = SLn
No. Conditions Rank Indecomposable elements of ΓI(G,H)
1 G = SLn, H
′ = Sp2p× SLq, 2p+ q = n, p ≥ 2, q ≥ 1
1.1 I={1, 2} 6−δ1q
(pi1; pi1+χ1), (pi1; pi
′
1+χ2), (pi2; pi2+2χ1), (pi2; 2χ1),
(pi2; pi1+pi
′
1+χ1+χ2), (pi2; pi
′
2+2χ2) (q≥2)
1.2 I={1, n−1} 6−δ1q
(pi1; pi1+χ1), (pi1; pi
′
1+χ2), (pin−1; pi
′
q−1+2pχ1+(q−1)χ2),
(pin−1; pi1+(2p−1)χ1+qχ2), (pi1+pin−1; pi2+2pχ1+qχ2),
(pi1+pin−1; 2pχ1+qχ2) (q≥2)
1.3
q=1,
I={i},
3≤i≤p
1 + i
(pii; pii−2k+iχ1) for 0 ≤ k ≤ [
i
2
],
(pii; pii−1−2k+(i−1)χ1+χ2) for 0≤k≤[
i−1
2
]
1.4
q≥2,
I={3}
7−δ2p−δ
2
q
(pi3; pi1+3χ1), (pi3; pi3+3χ1) (p ≥ 3),
(pi3; pi2+pi
′
1+2χ1+χ2), (pi3; pi
′
1+2χ1+χ2),
(pi3; pi1+pi
′
2+χ1+2χ2), (pi3; pi
′
3+3χ2) (q≥3),
(2pi3; pi2+pi
′
2+4χ1+2χ2)
1.5
p=2,
I={i},
4≤i≤q
7
(pii; pi
′
i−4+4χ1+(i−4)χ2), (pii; pi1+pi
′
i−3+3χ1+(i−3)χ2),
(pii; pi2+pi
′
i−2+2χ1+(i−2)χ2), (pii; pi
′
i−2+2χ1+(i−2)χ2),
(pii; pi1+pi
′
i−1+χ1+(i−1)χ2), (pii; pi
′
i+iχ2),
(2pii; pi2+pi
′
i−1+pi
′
i−3+4χ1+(2i−4)χ2)
2 G = SLn, H
′ = Sp2p× Sp2q, 2p+ 2q = n, p ≥ q ≥ 2
2.1 I={1, 2} 7
(pi1; pi1+χ1), (pi1; pi
′
1+χ2), (pi2; pi2+2χ1), (pi2; 2χ1),
(pi2; pi1+pi
′
1+χ1+χ2), (pi2; pi
′
2+2χ2), (pi2; 2χ2)
2.2 I={1, n−1} 7
(pi1; pi1+χ1), (pi1; pi
′
1+χ2), (pin−1; pi
′
1−χ2), (pin−1; pi1−χ1),
(pi1+pin−1; pi2+2pχ1+2qχ2), (pi1+pin−1; pi
′
2+2pχ1+2qχ2),
(pi1+pin−1; 2pχ1+2qχ2)
3 G = SLn, H
′ = Sp2p× SLq × SLr, 2p+ q + r = n, p ≥ 2, q ≥ r ≥ 1
3.1 I={2} 7−δ1q−δ
1
r
(pi2; pi2+2χ1), (pi2; 2χ1), (pi2; pi
′
2+2χ2) (q≥2),
(pi2; pi
′′
2+2χ3) (r≥2), (pi2; pi1+pi
′
1+χ1+χ2),
(pi2; pi1+pi
′′
1+χ1+χ3), (pi2; pi
′
1+pi
′′
1+χ2+χ3)
4 G = SLn, H
′ = Sp2p× Sp2q × SLr, 2p+ 2q + r = n, p ≥ q ≥ 2, r ≥ 1
4.1 I={2} 8−δ1r
(pi2; pi2+2χ1), (pi2; 2χ1), (pi2; pi
′
2+2χ2), (pi2; 2χ2),
(pi2; pi
′′
2+2χ3) (r≥2), (pi2; pi1+pi
′
1+χ1+χ2),
(pi2; pi1+pi
′′
1+χ1+χ3), (pi2; pi
′
1+pi
′′
1+χ2+χ3)
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Table 4: The non-Levi non-symmetric subgroup case for
G = SLn (continued)
No. Conditions Rank Indecomposable elements of ΓI(G,H)
5 G = SLn, H
′ = Sp2p× Sp2q × Sp2r, 2p+ 2q + 2r = n, p ≥ q ≥ r ≥ 2
5.1 I={2} 9
(pi2; pi2+2χ1), (pi2; 2χ1), (pi2; pi
′
2+2χ2), (pi2; 2χ2),
(pi2; pi
′′
2+2χ3), (pi2; 2χ3), (pi2; pi1+pi
′
1+χ1+χ2),
(pi2; pi1+pi
′′
1+χ1+χ3), (pi2; pi
′
1+pi
′′
1+χ2+χ3)
6 G = SL8, H = Spin7
6.1 I={2} 4 (pi2; pi1), (pi2; pi2), (2pi2; 2pi3), (2pi2; 0)
6. The monoids ΓI(G,H) in case (C2)
In this section, we compute the monoid ΓI(G,H) for each of the cases in Table 3.
6.1. Preliminary remarks. Throughout this section, the numbers of cases refer to Ta-
ble 3 unless otherwise specified. All the notation and conventions for that table are used
without extra explanation.
Recall that in case (C2) H is the subgroup of fixed points of a nontrivial involutive
automorphism θ of G. By abuse of notation, we also denote by θ the corresponding
involutive automorphism of the Lie algebra g, so that h = {x ∈ g | θ(x) = x}.
By [Stei, Theorem 7.5] it is possible to choose the subgroups BG and TG to be θ-stable.
In this case, the subgroup B−G is also θ-stable, BG ∩H and B
−
G ∩H are Borel subgroups
of H , and TG ∩H is a maximal torus of H .
Choose a subset I ⊂ S and consider the parabolic subgroup P−I ⊃ B
−
G . PutQ = P
−
I ∩H ,
this is a parabolic subgroup of H . Then the intersection LI ∩H is a Levi subgroup of Q
(see, for instance, [HNOO, Proposition 3.5(1)]), we denote it by M .
Put g−θ = {x ∈ g | θ(x) = −x}, so that g = h ⊕ g−θ. It is easy to see that under the
above conditions there is an M-module isomorphism g/(p−I + h) ≃ p
u
I ∩ g
−θ. Combining
this with Corollary 4.8 we obtain
Proposition 6.1. Under the above notation, suppose that XI is an H-spherical variety.
Then puI ∩ g
−θ is a spherical M-module and rk ΓI(G,H) = |I|+ rkM(p
u
I ∩ g
−θ).
For each of the cases considered in this section, the rank of ΓI(G,H) is computed
using the formula in Proposition 6.1. To this end, in each case we make use of the
information on a particular embedding of H into G, the corresponding group M , and the
spherical M-module puI ∩g
−θ given in [HNOO, § 5]; the value rkM(p
u
I ∩g
−θ) is computed as
described in § 3.2. For each case, all conclusions on indecomposable elements of ΓI(G,H)
are obtained by applying Propositions 4.9 and 4.10.
For Cases 6–11, involving the exceptional simple groups, all the information on restric-
tions of simple G-modules to H is obtained by using the program LiE [LiE]. Specifically,
for a given pair (G,H), the restriction to H of an irreducible representation RG(λ) is com-
puted using the function branch. One of its arguments is the restriction matrix, which
describes the character restriction map X(TG)→ X(TH) under the assumption TH ⊂ TG.
When H is semisimple (which happens in all our cases), for the ith fundamental weight
of G the coefficients in the expression of its restriction to TH in the basis of fundamental
weights of H constitute the ith row of the restriction matrix. For each of the cases, the
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restriction matrix is easily computed using the information in [HNOO, § 5], we present
this matrix at the beginning of each case.
Below we state two auxiliary results that are used in several cases.
Proposition 6.2. Let F be a connected reductive group and let K ⊂ F be a connected
reductive subgroup such that rkK = rkF . Suppose that V1, V2 are two finite-dimensional
F -modules such that V1|K ≃ V2|K. Then V1 ≃ V2.
Proof. As rkK = rkF , every maximal torus of K is a maximal torus of F . It remains
to apply the well-known fact that every finite-dimensional representation of a connected
reductive algebraic group is uniquely determined by its restriction to a maximal torus. 
The following proposition is well known and follows, for instance, from [Zhe, § 129,
Theorems 2 and 3] or [GoWa, Theorems 8.1.3 and 8.1.4].
Proposition 6.3. Let G = Spinm with m ≥ 4 and H = Spinm−1 ⊂ G.
(a) If m = 2n+ 1 then RG(pin)|H ≃ RH(pin−1)⊕ RH(pin).
(b) If m = 2n then RG(pin)|H ≃ RG(pin−1)|H ≃ RH(pin−1).
6.2. Case 1. G = SLn, H = SOn, n ≥ 3. Using [OnVi, Table 5, type Al, no. 1] we find
that
(6.1) RG(pii) ≃ ∧
iRG(pi1)
for all i = 1, . . . , n− 1. Formulas [OnVi, Table 5, type Al, no. 3] imply
(6.2) RG(2pii)⊕ RG(pii−1)⊗RG(pii+1) = RG(pii)⊗ RG(pii)
for all i = 1, . . . , n− 1.
6.2.1. Case 1.1. n = 2l + 1, I = {i}, i ≤ l. The pair (M ′, puI ∩ g
−θ) is equivalent to
(SLi, S
2
F
i), hence rk ΓI(G,H) = i+ 1.
Using (6.1) and [OnVi, Table 5, types Bl, no. 1], we find that
RG(pii)|H ≃
{
RH(pii) if i ≤ l − 1;
RH(2pil) if i = l.
Whence all indecomposable elements of ΓI(G,H) of the form (pii; ∗).
Restricting formula (6.2) to H and using [OnVi, Table 5, type Bl, no. 3] we find that
RG(2pii)|H ≃Wi,i(G,H)⊕
⊕
0≤k≤i−1
RH(2pik).
This yields all indecomposable elements of ΓI(G,H) of the form (2pii; ∗).
6.2.2. Case 1.2. n = 2l, I = {i}, i ≤ l. The pair (M ′, puI∩g
−θ) is equivalent to (SLi, S
2
F
i),
hence rk ΓI(G,H) = i+ 1.
Using (6.1) and [OnVi, Table 5, type Dl, no. 1], we find that
RG(pii)|H ≃

RH(pii) if i ≤ l − 2;
RH(pil−1 + pil) if i = l − 1;
RH(2pil−1)⊕RH(2pil) if i = l.
Whence all indecomposable elements of ΓI(G,H) of the form (pii; ∗).
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Restricting formula (6.2) to H and using [OnVi, Table 5, type Dl, no. 3] we find that
RG(2pii)|H ≃Wi,i(G,H)⊕
⊕
0≤k≤k0
RH(2pik)
where k0 = min(i− 1, n− 2). This yields all indecomposable elements of ΓI(G,H) of the
form (2pii; ∗).
6.3. Case 2. G = SL2n, H = Sp2n, n ≥ 2. Given an integer p such that 1 ≤ p ≤ 2n− 1,
put p′ = min(p, 2n − p). Then it follows from (6.1) and [OnVi, Table 5, type Cl, no. 1]
that
(6.3) RG(pip)|H ≃
⊕
0≤k≤[ p
′
2
]
RH(pip′−2k).
By [OnVi, Table 5, type Al, no. 4] we have
(6.4) RG(pi1)⊗ RG(pip) ≃ RG(pi1 + pip)⊕RG(pip+1).
Finally, the formula [OnVi, Table 5, type Cl, no. 4] implies that
(6.5) RH(pi1)⊗ RH(piq) ≃ RH(pi1 + piq)⊕ RH(piq−1)⊕RH(piq+1)
for all 1 ≤ q ≤ n (the last summand is present for q ≤ n− 1) .
6.3.1. Case 2.1. I = {1, i}, 2 ≤ i ≤ n. The pair (M ′, puI ∩ g
−θ) is equivalent to
(SLi−1,∧
2
F
i−1 ⊕ Fi−1), hence rk ΓI(G,H) = i+ 1.
Formula (6.3) yields all indecomposable elements of ΓI(G,H) of the form (pi1; ∗) and
of the form (pii; ∗). Next, from (6.4), (6.3), and (6.5) we find that
RG(pi1 + pii)|H ≃W1,i(G,H)⊕
⊕
0≤k≤[ i−3
2
]
RH(pii−1−2k),
which yields all indecomposable elements of ΓI(G,H) of the form (pi1 + pii; ∗).
6.3.2. Case 2.2. I = {1, i}, i ≥ n + 1. The pair (M ′, puI ∩ g
−θ) is equivalent to
(Sp2i−2n× SL2n−i−1,F
2i−2n ⊕ (∧2F2n−i−1 ⊕ F2n−i−1)),
hence rk ΓI(G,H) = 2n− i+ 2.
Formula (6.3) yields all indecomposable elements of ΓI(G,H) of the form (pi1; ∗) and
of the form (pii; ∗). Next, from (6.4), (6.3), and (6.5) we find that
RG(pi1 + pii)|H ≃W1,i(G,H)⊕
⊕
0≤k≤[ 2n−i−1
2
]
RH(pi2n−i+1−2k)
which yields all indecomposable elements of ΓI(G,H) of the form (pi1 + pii; ∗).
6.3.3. Case 2.3. I = {i, i + 1}, i ≤ n − 1. The pair (M ′, puI ∩ g
−θ) is equivalent to
(SLi,∧
2
F
i ⊕ Fi), hence rk ΓI(G,H) = i+ 2.
Formula (6.3) yields all indecomposable elements of ΓI(G,H) of the form (pii; ∗) and of
the form (pii+1; ∗), which already gives the required number of indecomposable elements.
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6.3.4. Case 2.4. I = {1, 2, 3}. The pair (M ′, puI ∩ g
−θ) is equivalent to ({e},F1⊕F1⊕F1)
for n ≥ 3 and to ({e},F1 ⊕ F1) for n = 2. As a result, rk ΓI(G,H) = 6− δ
2
n.
Formula (6.3) yields all indecomposable elements of ΓI(G,H) of the form (pi1; ∗), of
the form (pi2; ∗), and of the form (pi3; ∗). From the information for Cases 2.1 and 2.2 we
extract the last indecomposable element (pi1 + pi3; pi2).
6.3.5. Case 2.5. n ≥ 3, I = {1, 2, 2n − 1}. The pair (M ′, puI ∩ g
−θ) is equivalent to
(Sp2n−4,F
2n−4 ⊕ F1 ⊕ F1), hence rk ΓI(G,H) = 6.
Formula (6.3) yields all indecomposable elements of ΓI(G,H) of the form (pi1; ∗), of
the form (pi2; ∗), and of the form (pi2n−1; ∗). From the information for Case 2.2 with
I = {1, 2n−1}, we obtain the indecomposable element (pi1+pi2n−1; pi2). Applying duality
to Case 2.2 with I = {1, 2n−2}, we get the last indecomposable element (pi2+pi2n−1; pi3).
6.4. Case 3. G = Sp2n, H = Sp2p× Sp2q, p ≥ q ≥ 1, p+ q = n.
6.4.1. Case 3.1. q = 1, I = {i, j}, i < j. The pair (M ′, puI ∩ g
−θ) is equivalent to
(SLi−1× SLj−i× Sp2n−2j ,F
i−1 ⊕ (Fj−i ⊕ (Fj−i)∗)⊕ F2n−2j),
hence rk ΓI(G,H) = 7− δ
1
i − δ
i+1
j − δ
j
n.
In this case, the description of the set of indecomposable elements of ΓI(G,H) follows
from well-known branching rules for the pair (Sp2n, Sp2n−2× Sp2), we use them in the form
of [WaYa, Theorem 3.3]; see also other versions in [Lep, Theorem 2] or [Lee, Theorems 4
and 5].
In what follows, we shall need the following consequence of this case.
Proposition 6.4. Suppose that q = 1 and I = {i} with 1 ≤ i ≤ n. Then rk ΓI(G/H) =
3 − δ1i − δ
n
i and the indecomposable elements of ΓI(G/H) are (pii; pii) (i ≤ n − 1),
(pii; pii−1+pi
′
1), (pii; pii−2) (i ≥ 2).
6.4.2. Case 3.2. q ≥ 2, I = {1, 2}. The pair (M ′, puI∩g
−θ) is equivalent to (Sp2q,F
2q⊕F2q),
hence rk ΓI(G,H) = 6.
Clearly, RG(pi1)|H ≃ RH(pi1) ⊕ RH(pi
′
1), which yields all indecomposable elements of
ΓI(G,H) of the form (pi1; ∗). Next, we find the decomposition of RG(pi2)|H into irreducible
components. To this end, consider the group F = SL2n. It is easy to see from Case 2.4
that
(6.6) RF (pi2)|G ≃ RG(pi2)⊕RG(0).
Now, we put K = SL2p× SL2q and restrict RF (pi2) to H through the chain F ⊃ K ⊃ H .
Using Proposition 5.3 we get
RF (pi2)|K ≃ RK(pi2)⊕ RK(pi1 + pi
′
1)⊕RK(pi
′
2).
Then applying Case 2.4 and comparing with (6.6), we finally obtain
RG(pi2)|H ≃ RH(0)⊕ RH(pi1 + pi
′
1)⊕ RH(pi2)⊕ RH(pi
′
2),
which yields all indecomposable elements of ΓI(G,H) of the form (pi2; ∗).
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6.4.3. Case 3.3. q ≥ 2, I = {3}. The pair (M ′, puI ∩ g
−θ) is equivalent to (Sp2q × SL3,
F
2q ⊗ F3) for p ≥ 3 and to (SL2× SL2,F
2⊗ (F2⊕ F1)) for p = q = 2, hence rk ΓI(G,H) =
7− δ2p − δ
2
q .
Consider the group F = SL2n. It is easy to see from Case 2.4 that
(6.7) RF (pi3)|G ≃ RG(pi3)⊕RG(pi1).
Next, we put K = SL2p× SL2q and restrict RF (pi3) to H through the chain F ⊃ K ⊃ H .
Using Proposition 5.3 we get
RF (pi3)|K ≃ RK(pi3)⊕ RK(pi2 + pi
′
1)⊕ RK(pi1 + pi
′
2)⊕RK(pi
′
3).
Then applying Case 2.4, decomposing RG(pi1)|H via Case 3.2, and comparing with (6.7)
we obtain
RG(pi3)|H ≃ RH(pi3)⊕ RH(pi1)⊕ RH(pi2 + pi
′
1)⊕ RH(pi1 + pi
′
2)⊕ RH(pi
′
1)⊕RH(pi
′
3)
where the first summand is present for p ≥ 3 and the last summand is present for q ≥ 3.
This yields all indecomposable elements of ΓI(G,H) of the form (pi3; ∗).
Next, it follows again from Case 2.4 that
(6.8) RF (2pi3)|G ⊕ RG(pi2) ≃ RG(2pi3)⊕ RF (pi1 + pi3)|G .
Restricting RF (2pi3) and RF (pi1 + pi3) to H through the chain F ⊃ K ⊃ H by using
Case 2 of Table 1 and Case 2.4, computing RG(pi2)|H by using Case 3.2, and comparing
with (6.8) we finally obtain
RG(2pi3)|H ≃ W3,3(G,H)⊕ RH(pi2 + pi
′
2),
whence (2pi3, pi2 + pi
′
2) is the last indecomposable element of ΓI(G,H).
6.4.4. Case 3.4. q ≥ 2, I = {n}. The pair (M ′, puI ∩ g
−θ) is equivalent to (SLp× SLq,
F
p ⊗ Fq), hence rk ΓI(G,H) = q + 1.
Observe from Proposition 6.4 that the formulas for rk ΓI(G,H) and the indecomposable
elements of ΓI(G,H) hold true for q = 1. Then the required result is proved by induction
on q as follows. Suppose that for a given q the indecomposable elements of ΓI(G,H) have
the required form and p− q ≥ 2. In particular,
(6.9) RG(pin)|H ≃
⊕
0≤k≤q
RH(pip−k + pi
′
q−k).
Consider the groups H1 = Sp2(p−1)× Sp2(q+1) and K = Sp2(p−1)× Sp2× Sp2q. Using
Proposition 6.4, we compute the restrictions to K of the right-hand side of (6.9) and of
the H1-module
V =
⊕
0≤k≤q+1
RH(pip−1−k + pi
′
q+1−k)
and find that RG(pin)|K ≃ V |K . As rkH1 = n = rkK, by Proposition 6.2 the latter
implies that RG(pin)|H1 ≃ V , which yields all the required indecomposable elements of
ΓI(G,H1).
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6.4.5. Case 3.5. q = 2, I = {i}, 4 ≤ i ≤ n − 1. The pair (M ′, puI ∩ g
−θ) is equivalent to
(SL2× SLi−2× Sp2n−2i,F
2 ⊗ (Fi−2 ⊕ F2n−2i)), hence rk ΓI(G,H) = 7− δ
n−1
i .
Consider the H-module
V = RH(pii)⊕ RH(pii−1 + pi
′
1)⊕RH(pii−2 + pi
′
2)⊕RH(pii−2)⊕ RH(pii−3 + pi
′
1)⊕ RH(pii−4)
where the first summand is present for i ≤ n − 2. Next, consider the group K =
Sp2p× Sp2× Sp2 ⊂ H . Using Proposition 6.4, we compute V |K and RG(pii)|K through
the chain G ⊃ Sp2n−2× Sp2 ⊃ K and find that V |K ≃ RG(pii)|K . As rkH = n = rkK,
Proposition 6.2 implies that RG(pii)|H ≃ V , which yields all indecomposable elements of
ΓI(G,H) of the form (pii; ∗).
Now consider the H-module V = Wi,i(G,H) ⊕ RH(pii−1 + pii−3 + pi
′
2). Again, using
Proposition 6.4 we compute V |K and RG(2pii)|K through the chain G ⊃ Sp2n−2× Sp2 ⊃ K
and find that V |K ≃ RG(2pii)|K . Again, Proposition 6.2 implies that RG(2pii)|H ≃ V ,
whence (2pii; pii−1 + pii−3 + pi
′
2) is the last indecomposable element of ΓI(G,H).
6.5. Case 4. G = Spin2n+1, H = Spinp× Spinq, p+ q = 2n+ 1 ≥ 7, p is even, q is odd.
6.5.1. Case 4.1. q = 1, I = Π. The pair (M ′, puI ∩ g
−θ) is equivalent to ({e},Fn), hence
rk ΓI(G,H) = 2n.
The indecomposable elements of ΓI(G,H) are taken from [AkPa, Theorem 7, part 2].
6.5.2. Case 4.2. p, q ≥ 3, I = {1}. The pair (M ′, puI ∩ g
−θ) is equivalent to (SOq,F
q),
hence rk ΓI(G,H) = 3.
Clearly, RG(pi1)|H ≃ RH(pi1) ⊕ RH(pi
′
1), which yields all indecomposable elements of
ΓI(G,H) of the form (pi1; ∗). To find the decomposition of RG(2pi1)|H into irreducible
components, observe that the action of G (resp. H) on RG(2pi1) descends to an action
of SOn (resp. SOp× SOq) and consider the group F = SL2n+1. It is easy to see from
Case 1.1 that
(6.10) RF (2pi1)|G ≃ RG(2pi1)⊕ RG(0).
Now, we put K = SLp× SLq and restrict RF (2pi1) to H through the chain F ⊃ K ⊃
SOp× SOq. Using Proposition 5.3 we get
RF (2pi1)|K ≃ RK(2pi1)⊕ RK(pi1 + pi
′
1)⊕ RK(2pi
′
1).
Then applying Cases 1.1 and 1.2 and comparing with (6.10), we finally obtain
RG(2pi1)|H ≃W1,1(G,H)⊕RH(0),
whence (2pi1; 0) is the last indecomposable element of ΓI(G,H).
6.5.3. Case 4.3. p, q ≥ 3, I = {n}. The pair (M ′, puI ∩ g
−θ) is equivalent to
(SLp/2× SL(q−1)/2,F
p/2 ⊗ (F(q−1)/2 ⊕ F1)),
hence rk ΓI(G,H) = min(p, q) + 1.
Restricting the representation RG(pin) through the chains
Spin2n+1 ⊃ Spin2n ⊃ . . . ⊃ Spinp and Spin2n+1 ⊃ Spin2n ⊃ . . . ⊃ Spinq
by using Proposition 6.3, we obtain that RG(pin)|Spinp is isomorphic to the direct sum of
2
q−1
2 copies of RSpinp(pi p2−1)⊕RSpinp(pi
p
2
) and RG(pin)|Spinq is isomorphic to the direct sum
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of 2
p
2 copies of RSpinq(pi q−1
2
). As dim(RSpinp(pi p2−1)⊕RSpinp(pi
p
2
)) = 2
p
2 , dimRSpinq(pi q−1
2
) =
2
q−1
2 , and the subgroups Spinp and Spinq commute, it follows that
RG(pin)|H ≃ RH(pi p2−1 + pi
′
q−1
2
)⊕ RH(pi p
2
+ pi′q−1
2
),
which yields all indecomposable elements of ΓI(G,H) of the form (pin; ∗). To find the
decomposition of RG(2pin)|H into irreducible summands, observe that the action of G
(resp. H) on RG(2pin) descends to an action of SOn (resp. SOp× SOq) and consider the
group F = SL2n+1. It is easy to see from Case 1.1 that
(6.11) RF (pin)|G ≃ RG(2pin).
Now, we put K = SLp× SLq and restrict RF (pin) to H through the chain F ⊃ K ⊃
SOp× SOq.
Suppose p < q. Then using Proposition 5.3 we get
RF (pin)|K ≃
⊕
0≤k≤p
RK(pik + pi
′
n−k).
Now applying Cases 1.1 and 1.2 and comparing with (6.11) we obtain
(6.12) RG(2pin)|H ≃Wn,n(G,H)⊕RH(pi p2−1 + pi
p
2
+ pi′q−3
2
)⊕⊕
2≤k≤ p
2
RH(pi p
2
−k + pi
′
q−1
2
−k
)⊕
⊕
2≤k≤ p
2
RH(pi p
2
−k + pi
′
q+1
2
−k
).
Suppose p > q. Then using Proposition 5.3 we get
(6.13) RF (pin)|K ≃
⊕
0≤k≤q
RK(pin−k + pi
′
k).
Now applying Cases 1.1 and 1.2 and comparing with (6.11) we obtain
(6.14) RG(2pin)|H ≃Wn,n(G,H)⊕RH(pi p2−1 + pi
p
2
+ pi′q−3
2
)⊕⊕
2≤k≤ q−1
2
RH(pi p
2
−k + pi
′
q−1
2
−k
)⊕
⊕
2≤k≤ q+1
2
RH(pi p
2
−k + pi
′
q+1
2
−k
).
From (6.12) and (6.14) we get all indecomposable elements of ΓI(G,H) of the form
(2pin; ∗).
6.6. Case 5. G = Spin2n, H = Spinp× Spinq, p ≥ q ≥ 1, p+ q = 2n ≥ 8.
6.6.1. Case 5.1. p = 1, I = Π. The pair (M ′, puI ∩g
−θ) is equivalent to ({e},Fn−1), whence
rk ΓI(G,H) = 2n− 1.
The indecomposable elements of ΓI(G,H) are taken from [AkPa, Theorem 7, part 3].
6.6.2. Case 5.2. p ≥ 3, I = {1}. The pair (M ′, puI ∩ g
−θ) is equivalent to (SOq,F
q), hence
rk ΓI(G,H) = 3.
The remaining argument repeats that for Case 4.2.
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6.6.3. Case 5.3. q ≥ 3, I = {n}, p, q are odd. The pair (M ′, puI ∩ g
−θ) is equivalent to
(SL(p−1)/2× SL(q−1)/2,F
(p−1)/2 ⊗ F(q−1)/2), hence rk ΓI(G,H) =
q+1
2
= [ q
2
] + 1.
Since the triple (G,H, {n−1}) is obtained from (G,H, {n}) by an outer automorphism
of G interchanging the (n− 1)th and nth simple roots, it follows that H acts spherically
on X{n−1} as well, which will be used in this proof.
Restricting the representation RG(pin) through the chains
Spin2n ⊃ Spin2n−1 ⊃ . . . ⊃ Spinp and Spin2n ⊃ Spin2n−1 ⊃ . . . ⊃ Spinq
by using Proposition 6.3, we find that RG(pin)|Spinp is isomorphic to the direct sum of 2
q−1
2
copies of RSpinp(pi p−1
2
) and RG(pin)|Spinq is isomorphic to the direct sum of 2
p−1
2 copies of
RSpinq(pi q−1
2
). As dimRSpinp(pi p−1
2
) = 2
p−1
2 , dimRSpinq(pi q−1
2
) = 2
q−1
2 , and the subgroups
Spinp and Spinq commute, it follows that
RG(pin)|H ≃ RH(pi p−1
2
+ pi′q−1
2
),
which yields all indecomposable elements of ΓI(G,H) of the form (pin; ∗). To find the
decomposition of RG(2pin)|H into irreducible summands, observe that the actions of G
(resp. H) on RG(2pin−1) and RG(2pin) descend to actions of SOn (resp. SOp× SOq) and
consider the group F = SL2n. It is easy to see from Case 1.1 that
(6.15) RF (pin)|G ≃ RG(2pin−1)⊕ RG(2pin).
Now, we put K = SLp× SLq and restrict RF (pin) to H through the chain F ⊃ K ⊃
SOp× SOq. Using Proposition 5.3 we get (6.13). Now applying Case 1.1 and comparing
with (6.15) we obtain
(RG(2pin−1)⊕RG(2pin))|H ≃ 2RH(2pi p−1
2
+ 2pi′q−1
2
)⊕ 2
⊕
0≤k≤ q−3
2
RH(pi p−q
2
+k + pi
′
k).
Since we know that both modules RG(2pin−1)|H and RG(2pin)|H are multiplicity-free, it
follows that
RG(2pin)|H ≃Wn,n(G,H)⊕
⊕
0≤k≤ q−3
2
RH(pi p−q
2
+k + pi
′
k),
which yields all indecomposable elements of ΓI(G,H) of the form (2pin; ∗).
6.6.4. Case 5.4. q ≥ 3, I = {n}, p, q are even. The pair (M ′, puI ∩ g
−θ) is equivalent to
(SLp/2× SLq/2,F
p/2 ⊗ Fq/2), hence rk ΓI(G,H) =
q
2
+ 1.
Since the triple (G,H, {n−1}) is obtained from (G,H, {n}) by an outer automorphism
of G interchanging the (n− 1)th and nth simple roots, it follows that H acts spherically
on X{n−1} as well, which will be used in this proof.
Restricting the representations RG(pin−1) and RG(pin) through the chains
Spin2n ⊃ Spin2n−1 ⊃ . . . ⊃ Spinp and Spin2n ⊃ Spin2n−1 ⊃ . . . ⊃ Spinq
by using Proposition 6.3, we obtain that RG(pin−1)|Spinp ≃ RG(pin)|Spinp is isomorphic
to the direct sum of 2
q
2
−1 copies of RSpinp(pi p2−1) ⊕ RSpinp(pi
p
2
) and RG(pin−1)|Spinq ≃
RG(pin)|Spinq is isomorphic to the direct sum of 2
p
2
−1 copies of RSpinq(pi q2−1)⊕ RSpinq(pi
q
2
).
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As dimRSpinp(pi p2−1) = dimRSpinp(pi
p
2
) = 2
p
2
−1, dimRSpinq(pi q2−1) = 2
q
2
−1, and the sub-
groups Spinp and Spinq commute, it follows that each of RG(pin−1)|H and RG(pin)|H is
isomorphic to one of the two modules
V1 = RH(pi p
2
−1 + pi
′
q
2
−1)⊕ RH(pi p2 + pi
′
q
2
) or V2 = RH(pi p
2
−1 + pi
′
q
2
)⊕ RH(pi p
2
+ pi′q
2
−1)
Changing the order (numbering) of the last two simple roots of Spinp (or Spinq) if neces-
sary, we may assume that RG(pin)|H ≃ V1, which provides all indecomposable elements of
ΓI(G,H) of the form (pin; ∗). As we shall see below, it then follows that RG(pin−1)|H ≃ V2.
To find the decomposition of RG(2pin−1)|H and RG(2pin)|H into irreducible components,
observe that the actions of G (resp. H) on RG(2pin−1) and RG(2pin) descend to actions
of SOn (resp. SOp× SOq) and consider the group F = SL2n. As in § 6.6.3 we again
have (6.15).
Now, we put K = SLp× SLq and restrict RF (pin) to H through the chain F ⊃ K ⊃
SOp× SOq. Using Proposition 5.3 we get (6.13). Now applying Case 1.1 and comparing
with (6.15) we obtain
(6.16) (RG(2pin−1)⊕RG(2pin))|H ≃
RH(2pi p
2
−1 + 2pi
′
q
2
−1)⊕ RH(2pi p2−1 + 2pi
′
q
2
)⊕RH(2pi p
2
+ 2pi′q
2
−1)⊕ RH(2pi p2 + 2pi
′
q
2
)⊕
2RH(pi p
2
−1 + pi p
2
+ pi′q
2
−1 + pi
′
q
2
)⊕ 2
⊕
0≤k≤ q
2
−2
RH(pi p−q
2
+k + pi
′
k).
As the left-hand side of (6.16) contains Wn−1,n−1(G,H)⊕Wn,n(G,H) as a submodule and
the right-hand side contains only one simple submodule isomorphic to RH(2pi p
2
−1+2pi
′
q
2
−1),
the module RG(pin−1)|H cannot be isomorphic to V1, therefore RG(pin−1)|H ≃ V2.
Since we know that both modules RG(2pin−1)|H and RG(2pin)|H are multiplicity-free, it
follows from (6.16) that
RG(2pin)|H ≃Wn,n(G,H)⊕
⊕
0≤k≤ q
2
−2
RH(pi p−q
2
+k + pi
′
k),
which yields all indecomposable elements of ΓI(G,H) of the form (2pin; ∗).
6.7. Case 6. G = F4, H = B4. The restriction matrix is
0 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
 .
6.7.1. Case 6.1. I = {1, 4}. The pair (M ′, puI ∩ g
−θ) is equivalent to (Sp4,F
4⊕F4), hence
rk ΓI(G,H) = 6.
Computations using LiE show that
RG(pi1)|H ≃ RH(pi2)⊕ RH(pi4) and RG(pi4)|H ≃ RH(pi1)⊕ RH(pi4)⊕RH(0),
which provides all indecomposable elements of ΓI(G,H) of the form (pi1; ∗) and of the
form (pi4; ∗). Another computation yields RG(pi1 + pi4)|H ≃ W1,4(G,H)⊕ RH(pi3), hence
the last indecomposable element is (pi1 + pi4; pi3).
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6.7.2. Case 6.2. I = {2}. The pair (M ′, puI ∩ g
−θ) is equivalent to (SL2× SL2,F
2 ⊗ (F2 ⊕
F
1)), hence rk ΓI(G,H) = 5.
A computation using LiE shows that
RG(pi2)|H ≃ RH(pi2)⊕ RH(pi3)⊕ RH(pi1 + pi3)⊕ RH(pi1 + pi4)⊕ RH(pi2 + pi4),
which yields all indecomposable elements of ΓI(G,H) of the form (pi2; ∗). This already
gives the required number of indecomposable elements.
6.7.3. Case 6.3. I = {3}. The pair (M ′, puI ∩ g
−θ) is equivalent to (SL3,F
3 ⊕ (F3)∗ ⊕ F1),
hence rk ΓI(G,H) = 5.
A computation using LiE shows that
RG(pi3)|H ≃ RH(pi1)⊕ RH(pi2)⊕ RH(pi3)⊕ RH(pi4)⊕ RH(pi1 + pi4),
which yields all indecomposable elements of ΓI(G,H) of the form (pi3; ∗). This already
gives the required number of indecomposable elements.
6.8. Case 7. G = E6, H = C4. The restriction matrix is
0 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 1 0
0 1 0 0

6.8.1. Case 7.1. I = {1}. The pair (M ′, puI ∩ g
−θ) is equivalent to (SO5,F
5), hence
rk ΓI(G,H) = 3.
A computation using LiE shows that RG(pi1)|H ≃ RH(pi2), which provides a unique
indecomposable element of ΓI(G,H) of the form (pi1; ∗). Another computation yields
RG(2pi1)|H ≃ W1,1(G,H)⊕ RH(pi4) ⊕ RH(0), which gives two more indecomposable ele-
ments of ΓI(G,H) of the form (2pi1; ∗).
6.9. Case 8. G = E6, H = A5 · A1. The restriction matrix is
1 0 0 0 0 1
0 0 0 0 0 2
0 1 0 0 0 2
0 0 1 0 0 3
0 0 0 1 0 2
0 0 0 0 1 1
 ,
where the fundamental weights of A5 correspond to columns 1, . . . , 5 and the fundamental
weight of A1 corresponds to the last column.
6.9.1. Case 8.1. I = {1}. The pair (M ′, puI ∩ g
−θ) is equivalent to (SL5,∧
2
F
5), hence
rk ΓI(G,H) = 3.
A computation using LiE shows that RG(pi1)|H ≃ RH(pi4)⊕RH(pi1 + pi
′
1), which yields
all indecomposable elements of ΓI(G,H) of the form (pi1; ∗). Another computation yields
RG(2pi1)|H ≃W1,1(G,H)⊕RH(pi2), hence (2pi1; pi2) is the last indecomposable element of
ΓI(G,H).
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6.10. Case 9. G = E6, H = F4. The restriction matrix is
0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0
0 0 1 0
0 0 0 1
 .
6.10.1. Case 9.1. I = {1, 2}. The pair (M ′, puI ∩ g
−θ) is equivalent to (Sp4,F
4⊕ F1⊕F1),
hence rk ΓI(G,H) = 5.
Computations using LiE show that
(6.17) RG(pi1)|H ≃ RH(pi4)⊕ RH(0)
and RG(pi2)|H ≃ RH(pi1)⊕RH(pi4), which yields all indecomposable elements of ΓI(G,H)
of the form (pi1; ∗) and of the form (pi2; ∗). Another computation yields RG(pi1 + pi2)|H ≃
W1,2(G,H)⊕RH(pi3), hence (pi1+pi2; pi3) is the last indecomposable element of ΓI(G,H).
6.10.2. Case 9.2. I = {1, 3}. The pair (M ′, puI ∩ g
−θ) is equivalent to (SL3,F
3⊕F1⊕F1),
hence rk ΓI(G,H) = 5.
A computation using LiE shows that RG(pi3)|H ≃ RH(pi1) ⊕ RH(pi3) ⊕ RH(pi4). From
this and (6.17) we find all indecomposable elements of ΓI(G,H) of the form (pi1; ∗) and
(pi3; ∗), which already gives the required number of indecomposable elements.
6.11. Case 10. G = E7, H = A7. The restriction matrix is
1 0 0 0 0 0 1
0 0 0 0 0 0 2
0 1 0 0 0 0 2
0 0 1 0 0 0 3
0 0 0 1 0 0 2
0 0 0 0 1 0 1
0 0 0 0 0 1 0

.
6.11.1. Case 10.1. I = {7}. The pair (M ′, puI ∩ g
−θ) is equivalent to (SL6,∧
2
F
6), hence
rk ΓI(G,H) = 4.
A computation using LiE shows that RG(pi7)|H ≃ RH(pi2) ⊕ RH(pi6), which provides
all indecomposable elements of ΓI(G,H) of the form (pi7; ∗). Another computation yields
RG(2pi7)|H ≃ W7,7(G,H)⊕ RH(pi4) ⊕ RH(0), which gives two more indecomposable ele-
ments of ΓI(G,H) of the form (2pi7; ∗).
6.12. Case 11. G = E7, H = D6 · A1. The restriction matrix is
0 0 0 0 0 0 2
0 0 0 0 0 1 2
0 0 0 0 1 0 3
0 0 0 1 0 0 4
0 0 1 0 0 0 3
0 1 0 0 0 0 2
1 0 0 0 0 0 1

,
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where the fundamental weights of D6 correspond to columns 1, . . . , 6 and the fundamental
weight of A1 corresponds to the last column.
6.12.1. Case 11.1. I = {7}. The pair (M ′, puI ∩ g
−θ) is equivalent to (Spin10,F
16) where
Spin10 acts on F
16 via a half-spinor representation, hence rk ΓI(G,H) = 3.
A computation using LiE shows that RG(pi7)|H ≃ RH(pi6)⊕RH(pi1+pi
′
1), which provides
all indecomposable elements of ΓI(G,H) of the form (pi7; ∗). Another computation yields
RG(2pi7)|H ≃W7,7(G,H)⊕RH(pi2), hence (2pi7; pi2) is the last indecomposable element of
ΓI(G,H).
7. The monoids ΓI(G,H) in case (C3)
In this section, we compute the monoid ΓI(G,H) for each of the cases in Table 4.
7.1. Preliminary remarks. Throughout this section, the numbers of cases refer to Ta-
ble 4 unless otherwise specified. All the notation and conventions for that table are used
without extra explanation.
We choose TG (resp. BG, B
−
G) to be the subgroup of diagonal (resp. upper triangular,
lower triangular) matrices in G.
For explicit computations, we regard Sp2m as the group of (2m×2m)-matrices preserv-
ing the skew-symmetric bilinear form with matrix(
0 A
−A 0
)
where A is the (m×m)-matrix with ones on the antidiagonal and zeros elsewhere.
In Cases 1–5 we assume that H is embedded in G in the block-diagonal form so that
the ith factor of H ′ is embedded as the ith block. With the above convention for Sp2m,
we may (and do) assume that
(7.1) TH = TG ∩H, BH = BG ∩H, and B
−
H = B
−
G ∩H.
For Case 6, a concrete embedding of H in G is described in § 7.7, this embedding satis-
fies (7.1) as well.
In each of the cases, formulas (7.1) imply that Q = P−I ∩ H is a parabolic subgroup
of H ; we denote by M the Levi subgroup of Q containing TH .
Thanks to Corollary 4.8, in all the cases g/(p−I + h) is a spherical M-module and
rk ΓI(G,H) = |I| + rkM(g/(p
−
I + h)). In Cases 1–5, the pair (M, g/(p
−
I + h)) is easily
computed, and we omit the details.
For each of the cases, the rank of the sphericalM-module g/(p−I +h) is always computed
as described in § 3.2; the information on the ranks of indecomposable saturated spherical
modules is taken from [Kno, § 5]. All conclusions on indecomposable elements of ΓI(G,H)
are obtained by applying Propositions 4.9 and 4.10.
7.2. Case 1. G = SLn, H
′ = Sp2p× SLq, 2p + q = n, p ≥ 2, q ≥ 1. For all the cases
in this subsection, we consider the intermediate subgroup F = CH · (SL2p× SLq), so that
H ⊂ F ⊂ G.
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7.2.1. Case 1.1. I = {1, 2}. The pair (M ′, g/(p−I +h)) is equivalent to (SLq,F
q⊕Fq⊕F1),
hence rk ΓI(G,H) = 6− δ
1
q .
Restricting the representations RG(pi1) and RG(pi2) to H through the chain G ⊃ F ⊃ H
by using the information for Case 2 of Table 1 and for Case 2.1 of Table 3 we find that
RG(pi1)|H ≃ RH(pi1 + χ1)⊕RH(pi
′
1 + χ2),
RG(pi2)|H ≃ RH(pi2 + 2χ1)⊕ RH(2χ1)⊕ RH(pi1 + pi
′
1 + χ1 + χ2)⊕RH(pi
′
2 ⊕ 2χ2)
(the last summand is present for q ≥ 3). This yields all indecomposable elements
of ΓI(G,H) of the form (pi1; ∗) and of the form (pi2; ∗), which already gives the required
number of indecomposable elements.
7.2.2. Case 1.2. I = {1, n−1}. The pair (M ′, g/(p−I +h)) is equivalent to (SLq−1× Sp2p−2,
F
q−1 ⊕ F2p−2 ⊕ F1 ⊕ F1), hence rk ΓI(G,H) = 6− δ
1
q .
Restricting the representations RG(pi1), RG(pin−1), and RG(pi1+pin−1) to H through the
chain G ⊃ F ⊃ H by using the information for Cases 2, 3 of Table 1 and for Case 2.2 of
Table 3 we find that
RG(pi1)|H ≃ RH(pi1 + χ1)⊕RH(pi
′
1 + χ2),
RG(pin−1)|H ≃ RH(pi1 + (2p− 1)χ1 + qχ2)⊕ RH(pi
′
q−1 + 2pχ1 + (q − 1)χ2),
which yields all indecomposable elements of ΓI(G,H) of the form (pi1; ∗) and of the form
(pin−1; ∗), and
RG(pi1 + pin−1)|H ≃W1,n−1(G,H)⊕RH(pi2 + 2pχ1 + qχ2)⊕ RH(2pχ1 + qχ2)
(the last summand is present for q ≥ 2), which yields two more indecomposable elements
of ΓI(G,H) of the form (pi1 + pin−1; ∗).
7.2.3. Case 1.3. q = 1, I = {i}, 3 ≤ i ≤ p. The pair (M ′, g/(p−I + h)) is equivalent to
(SLi,∧
2
F
i ⊕ Fi), hence rk ΓI(G,H) = i+ 1.
Restricting the representation RG(pii) to H through the chain G ⊃ F ⊃ H by using the
information for Case 1 of Table 1 and for Case 2.1 of Table 3 we find that
RG(pii)|H ≃
⊕
0≤k≤[ i
2
]
RH(pii−2k + iχ1)⊕
⊕
0≤k≤[ i−1
2
]
RH(pii−1−2k + (i− 1)χ1 + χ2).
This yields all indecomposable elements of ΓI(G,H) of the form (pii; ∗), which already
gives the required number of indecomposable elements.
7.2.4. Case 1.4. q ≥ 2, I = {3}. The pair (M ′, g/(p−I + h)) is equivalent to (SLq × SL3,
(Fq⊗F3)⊕(F3)∗) for p ≥ 3 and to (SLq × SL2,F
q⊗(F2⊕F1)) for p = 2, hence rk ΓI(G,H) =
7− δ2p − δ
2
q .
Restricting the representations RG(pi3) andRG(2pi3) toH through the chainG ⊃ F ⊃ H
by using the information for Case 2 of Table 1 and for Case 2.4 of Table 3 we find that
RG(pi3)|H ≃ RH(pi3 + 3χ1)⊕ RH(pi1 + 3χ1)⊕RH(pi2 + pi
′
1 + 2χ1 + χ2)⊕
RH(pi
′
1 + 2χ1 + χ2)⊕RH(pi1 + pi
′
2 + χ1 + 2χ2)⊕RH(pi
′
3 + 3χ2)
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(the first summand is present for p ≥ 3 and the last summand is present for q ≥ 3), which
yields all indecomposable elements of ΓI(G,H) of the form (pi3; ∗), and
RG(2pi3)|H ≃W3,3(G,H)⊕RH(pi2 + pi
′
2 + 4χ1 + 2χ2),
which shows that the last indecomposable element of ΓI(G,H) is (2pi3; pi2+pi
′
2+4χ1+2χ2).
7.2.5. Case 1.5. p = 2, I = {i}, 4 ≤ i ≤ q. The pair (M ′, g/(p−I + h)) is equivalent to
(Sp4× SLn−i,F
4 ⊗ Fn−i), hence rk ΓI(G,H) = 7.
Restricting the representations RG(pii) and RG(2pii) to H through the chain G ⊃ F ⊃ H
by using the information for Case 2 of Table 1 and for Case 2.4 of Table 3 we find that
RG(pii)|H ≃ RH(pi
′
i + iχ2)⊕ RH(pi1 + pi
′
i−1 + χ1 + (i− 1)χ2)⊕
RH(pi2 + pi
′
i−2 + 2χ1 + (i− 2)χ2)⊕ RH(pi
′
i−2 + 2χ1 + (i− 2)χ2)⊕
RH(pi1 + pi
′
i−3 + 3χ1 + (i− 3)χ2)⊕ RH(pi
′
i−4 + 4χ1 + (i− 4)χ2),
which yields all indecomposable elements of ΓI(G,H) of the form (pi3; ∗), and
RG(2pii)|H ≃ Wi,i(G,H)⊕RH(pi2 + pi
′
i−1 + pi
′
i−3 + 4χ1 + (2i− 4)χ2),
whence (2pii; pi2 + pi
′
i−1 + pi
′
i−3 + 4χ1 + (2i − 4)χ2) is the last indecomposable element
of ΓI(G,H).
7.3. Case 2. G = SLn, H
′ = Sp2p× Sp2q, 2p + 2q = n, p ≥ q ≥ 2. For all the cases in
this subsection, we consider the intermediate subgroup F = CH · (Sp2p× SL2q), so that
H ⊂ F ⊂ G.
7.3.1. Case 2.1. I = {1, 2}. The pair (M ′, g/(p−I +h)) is equivalent to (Sp2q,F
2q⊕F2q⊕F1),
hence rk ΓI(G,H) = 7.
Restricting the representations RG(pi1) and RG(pi2) to H through the chain G ⊃ F ⊃ H
by using the information for Case 1.1 and for Case 2.1 (or 2.4) of Table 3 we find that
RG(pi1)|H ≃ RH(pi1 + χ1)⊕RH(pi
′
1 + χ2),
RG(pi2)|H ≃ RH(pi2+2χ1)⊕ RH(2χ1)⊕ RH(pi1+pi
′
1+χ1+χ2)⊕ RH(pi
′
2+2χ2)⊕ RH(2χ2).
This yields all indecomposable elements of ΓI(G,H) of the form (pi1; ∗) and of the form
(pi2; ∗), which already gives the required number of indecomposable elements.
7.3.2. Case 2.2. I = {1, n−1}. The pair (M ′, g/(p−I +h)) is equivalent to (Sp2p−2× Sp2q−2,
F
2p−2 ⊕ F2q−2 ⊕ F1 ⊕ F1 ⊕ F1), hence rk ΓI(G,H) = 7.
Restricting the representations RG(pi1), RG(pin−1), and RG(pi1+pin−1) to H through the
chain G ⊃ F ⊃ H by using the information for Case 1.2 of Table 1 and for Case 2.2 of
Table 3 we find that
RG(pi1)|H ≃ RH(pi1 + χ1)⊕RH(pi
′
1 + χ2),
RG(pin−1)|H ≃ RH(pi1 + (2p− 1)χ1 + 2qχ2)⊕ RH(pi
′
1 + 2pχ1 + (2q − 1)χ2),
which yields all indecomposable elements of ΓI(G,H) of the form (pi1; ∗) and of the form
(pin−1; ∗), and
RG(pi1 + pin−1)|H ≃W1,n−1(G,H)⊕
RH(pi2 + 2pχ1 + 2qχ2)⊕ RH(pi
′
2 + 2pχ1 + 2qχ2)⊕ RH(2pχ1 + 2qχ2),
36 ROMAN AVDEEV AND ALEXEY PETUKHOV
which yields all indecomposable elements of ΓI(G,H) of the form (pi1 + pin−1; ∗).
7.4. Case 3. G = SLn, H
′ = Sp2p× SLq× SLr, 2p + q + r = n, p ≥ 2, q ≥ r ≥ 1. We
consider the intermediate subgroup F = CH · (SL2p× SLq × SLr), so that H ⊂ F ⊂ G.
7.4.1. Case 3.1. I = {2}. The pair (M ′, g/(p−I + h)) is equivalent to (SL2× SLq× SLr,
F
2 ⊗ (Fq ⊕ Fr)⊕ F1), hence rk ΓI(G,H) = 7− δ
1
q − δ
1
r .
Restricting the representation RG(pi2) to H through the chain G ⊃ F ⊃ H by using
the information for Cases 6, 8 of Table 1 and for Case 2.1 (or 2.4) of Table 3 we find that
RG(pi2)|H ≃ RH(pi2 + 2χ1)⊕ RH(2χ1)⊕RH(pi
′
2 + 2χ2)⊕ RH(pi
′′
2 + 2χ3)⊕
RH(pi1 + pi
′
1 + χ1 + χ2)⊕ RH(pi1 + pi
′′
1 + χ1 + χ3)⊕ RH(pi
′
1 + pi
′′
1 + χ2 + χ3)
where the summand RH(pi
′
2 + 2χ2) is present for q ≥ 2 and the summand RH(pi
′′
2 + 2χ3)
is present for r ≥ 2. This yields all indecomposable elements of ΓI(G,H) of the form
(pi2; ∗), which already gives the required number of indecomposable elements.
7.5. Case 4. G = SLn, H
′ = Sp2p× Sp2q × SLr, 2p + 2q + r = n, p ≥ q ≥ 2, r ≥ 1. We
consider the intermediate subgroup F = CH · (Sp2p× SL2q × SLr), so that H ⊂ F ⊂ G.
7.5.1. Case 4.1. I = {2}. The pair (M ′, g/(p−I + h)) is equivalent to (SL2× Sp2q× SLr,
F
2 ⊗ (F2q ⊕ Fr)⊕ F1), hence rk ΓI(G,H) = 8− δ
1
r .
Restricting the representation RG(pi2) to H through the chain G ⊃ F ⊃ H by using
the information for Case 3.1 and for Case 2.1 (or 2.4) of Table 3 we find that
RG(pi2)|H ≃ RH(pi2 + 2χ1)⊕ RH(2χ1)⊕RH(pi
′
2 + 2χ2)⊕ RH(2χ2)⊕RH(pi
′′
2 + 2χ3)⊕
RH(pi1 + pi
′
1 + χ1 + χ2)⊕ RH(pi1 + pi
′′
1 + χ1 + χ3)⊕ RH(pi
′
1 + pi
′′
1 + χ2 + χ3)
where the summand RH(pi
′′
2 + 2χ3) is present for r ≥ 2. This yields all indecomposable
elements of ΓI(G,H) of the form (pi2; ∗), which already gives the required number of
indecomposable elements.
7.6. Case 5. G = SLn, H
′ = Sp2p× Sp2q × Sp2r, 2p + 2q + 2r = n, p ≥ q ≥ r ≥ 2. We
consider the intermediate subgroup F = CH · (Sp2p× Sp2q × SL2r), so that H ⊂ F ⊂ G.
7.6.1. Case 5.1. I = {2}. The pair (M ′, g/(p−I + h)) is equivalent to (SL2× Sp2q × Sp2r,
F
2 ⊗ (F2q ⊕ F2r)⊕ F1), hence rk ΓI(G,H) = 9.
Restricting the representation RG(pi2) to H through the chain G ⊃ F ⊃ H by using
the information for Case 4.1 and for Case 2.1 (or 2.4) of Table 3 we find that
RG(pi2)|H ≃ RH(pi2 + 2χ1)⊕ RH(2χ1)⊕RH(pi
′
2 + 2χ2)⊕ RH(2χ2)⊕RH(pi
′′
2 + 2χ3)⊕
RH(2χ3)⊕ RH(pi1+pi
′
1+χ1+χ2)⊕ RH(pi1+pi
′′
1+χ1+χ3)⊕RH(pi
′
1+pi
′′
1+χ2+χ3).
This yields all indecomposable elements of ΓI(G,H) of the form (pi2; ∗), which already
gives the required number of indecomposable elements.
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7.7. Case 6. G = SL8, H = Spin7. To describe the embedding of H into G, we
first consider the group K = SO8 preserving the symmetric bilinear form on F
8 whose
matrix consists of ones on the antidiagonal and zeros elsewhere. With this realiza-
tion of K, we may (and do) assume that TK = TG ∩ K, BK = BG ∩ K, and B
−
K =
B−G ∩K. Choose the simple roots β1, β2, β3, β4 ∈ X(TK) in such a way that for any t =
diag(t1, t2, t3, t4, t
−1
4 , t
−1
3 , t
−1
2 , t
−1
1 ) ∈ TK one has β1(t) = t1t
−1
2 , β2(t) = t2t
−1
3 , β3(t) = t3t
−1
4 ,
and β4(t) = t3t4. Second, let H1 = SO7 be the stabilizer in K of the vector e4− e5, where
ei denotes the ith vector of the standard basis of F
8. Now let h ⊂ k be the image of h1
under an outer automorphism of k preserving tK and bK and interchanging the simple
roots β1 and β4. Finally, we take H to be the connected subgroup of G with Lie algebra h.
7.7.1. Case 6.1. I = {2}. Direct computations using the above-described embedding of h
into g show that the pair (M ′, g/(p−I + h)) is equivalent to (SL2× SL2, S
2
F
2 ⊕ F2), hence
rk ΓI(G,H) = 4.
Applying Case 1.2 of Table 3, we obtain
RG(pi2)|K ≃ RK(pi2) and RG(2pi2)|K ≃ RK(2pi2)⊕ RK(2pi1)⊕RK(0).
Then applying Case 5.1 of Table 3 we obtain
RG(pi2)|H ≃ RH(pi2)⊕RH(pi1),
which yields all indecomposable elements of ΓI(G,H) of the form (pi2; ∗). As h is obtained
from h1 by the above-mentioned outer automorphism of k, to compute RG(2pi2)|H we apply
the modified version of Case 5.1 of Table 3 in which the fundamental weights pi1 and pi4
of K are interchanged. This yields
RG(2pi2)|H ≃W2,2(G,H)⊕ RH(2pi3)⊕ RH(0),
whence all indecomposable elements of ΓI(G,H) of the form (2pi2; ∗).
References
[AkPa] D. Akhiezer, D. Panyushev, Multiplicities in the branching rules and the complexity of homoge-
neous spaces, Mosc. Math. J. 2 (2002), no. 1, 17–33.
[ADHL] I. Arzhantsev, U. Derenthal, J. Hausen, A. Laface, Cox rings, Cambridge Studies in Advanced
Mathematics, 144, Cambridge University Press, Cambridge, 2015.
[AvPe] R. S. Avdeev, A.V. Petukhov, Spherical actions on flag varieties, Sb. Math. 205 (2014),
no. 9, 1223–1263; Russian original: Р. С. Авдеев, А.В. Петухов, Сферические действия на
многообразиях флагов, Матем. сб. 205 (2014), №9, 3–48; see also
arXiv:1401.1777[math.AG].
[BeRa] C. Benson, G. Ratcliff, A classification of multiplicity free actions, J. Algebra 181 (1996), no. 1,
152–186.
[Bou] N. Bourbaki, E´le´ments de mathe´matique. Fasc. XXXIV. Groupes et Alge`bres de Lie. Chapitre
IV: Groupes de Coxeter et Syste`mes de Tits. Chapitre V: Groupes engendre´s par des re´flexions.
Chapitre VI: Syste`mes de racines. Actualite´s Scientifiques et Industrielles, No. 1337, Hermann,
Paris, 1968.
[Bri] M. Brion, The total coordinate ring of a wonderful variety, J. Algebra 313 (2007), 61–99; see
also arXiv:math/0603157.
[Ela] A.G. Elashvili, Invariant algebras, in: Lie groups, their discrete subgroups, and invariant theory,
Adv. Soviet Math., vol. 8, Amer. Math. Soc., Providence, RI, 1992, pp. 57–64.
[GT1] I.M. Gelfand, M. L. Tsetlin, Finite-dimensional representations of the group of unimodular ma-
trices, Dokl. Akad. Nauk SSSR 71 (1950), no. 5, 825–828 (in Russian).
38 ROMAN AVDEEV AND ALEXEY PETUKHOV
[GT2] I.M. Gelfand, M. L. Tsetlin, Finite-dimensional representations of the group of orthogonal ma-
trices, Dokl. Akad. Nauk SSSR 71 (1950), no. 6, 1017–1020 (in Russian).
[GoWa] R. Goodman, N.R. Wallach, Symmetry, representations, and invariants, Grad. Texts in Math.,
vol. 255, Springer, Dordrecht, 2009.
[HNOO] X. He, K. Nishiyama, H. Ochiai, Y. Oshima, On orbits in double flag varieties for symmetric
pairs, Transform. Groups 18 (2013), no. 4, 1091–1136; see also arXiv:1208.2084[math.RT].
[HTW] R. Howe, E.-C. Tan, J. F. Willenbring, Reciprocity algebras and branching for classical symmetric
pairs, in: Groups and analysis, London Math. Soc. Lecture Note Ser., 354, Cambridge Univ.
Press, Cambridge, 2008, 191–231; see also arXiv:math/0407467[math.RT].
[HoUm] R. Howe, T. Umeda, The Capelli identity, the double commutant theorem, and multiplicity-free
actions, Math. Ann. 290 (1991), no. 3, 565–619.
[Kac] V.G. Kac, Some remarks on nilpotent orbits, J. Algebra 64 (1980), no. 1, 190–213.
[Kno] F. Knop, Some remarks on multiplicity free spaces, in: Representation theories and algebraic
geometry, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., vol. 514, Dordrecht, Springer Nether-
lands, 1998, 301–317.
[Kra] H. Kraft, Geometrische Methoden in der Invariantentheorie, Aspects of Math., D1, Friedr.
Vieweg & Sohn, Braunschweig, 1984.
[Kra¨] M. Kra¨mer,Multiplicity-free subgroups of compact connected Lie groups, Arch. Math. 27 (1976),
no. 1, 28–36.
[Lea] A. S. Leahy, A classification of multiplicity free representations, J. Lie Theory 8 (1998), no. 2,
367–391.
[Lee] C.Y. Lee, On the branching theorem of the symplectic groups, Canad. Math. Bull. 17 (1974),
535–545.
[Lep] J. Lepowsky, Multiplicity formulas for certain semisimple Lie groups, Bull. Amer. Math. Soc.
77 (1971), 601–605.
[LiE] LiE, A computer algebra package for Lie group computations, see
http://wwwmathlabo.univ-poitiers.fr/~maavl/LiE.
[Lit] P. Littelmann, On spherical double cones, J. Algebra 166 (1994), no. 1, 142–157.
[MWZ1] P. Magyar, J. Weyman, and A. Zelevinsky, Multiple flag varieties of finite type, Adv. Math. 141
(1999), 97–118; see also arXiv:math/9805067[math.AG].
[MWZ2] P. Magyar, J. Weyman, A. Zelevinsky, Symplectic multiple flag varieties of finite type, J. Algebra
230 (2000), no. 1, 245–265; see also arXiv:math/9807061 [math.AG].
[Nie] B. Niemann, Spherical affine cones in exceptional cases and related branching rules, preprint
(2011), see arXiv:1111.3823[math.RT].
[OnVi] A. L. Onishchik and E.B. Vinberg, Lie groups and algebraic groups, Springer Ser. Soviet
Math., Springer-Verlag, Berlin 1990; Russian original (2nd ed.): Э. Б. Винберг, А.Л. Онищик,
Семинар по группам Ли и алгебраическим группам, Москва, УРСС, 1995.
[Pan] D. I. Panyushev, On the conormal bundle of a G-stable subvariety, Manuscripta Math. 99 (1999),
no. 2, 185–202.
[Pet] A.V. Petukhov, Bounded reductive subalgebras of sln, Transform. Groups 16 (2011), no. 4,
1173–1182; see also arXiv:1007.1338[math.RT].
[Pon1] E.V. Ponomareva, Classification of double flag varieties of complexity 0 and 1, Izv. Math.
77 (2013), no. 5, 998–1020; Russian original: Е. В. Пономарёва, Классификация двойных
многообразий флагов сложности 0 и 1, Изв. РАН. Сер. матем. 77 (2013), №5, 155–178; see
also arXiv:1204.1988[math.AG].
[Pon2] E.V. Ponomareva, Invariants of the Cox rings of low-complexity double flag varieties for clas-
sical groups, Trans. Moscow Math. Soc. 2015, 71–133; Russian original: Е. В. Пономарёва,
Инварианты колец Кокса двойных многообразий флагов малой сложности классических
групп, Труды Моск. матем. общ-ва 76 (2015), №1, 85–150.
[Pon3] E.V. Ponomareva, Invariants of the Cox rings of double flag varieties of low complexity for
exceptional groups, Sb. Math. 208 (2017), no. 5, 707–742; Russian original: Е. В. Пономарёва,
Инварианты колец Кокса двойных многообразий флагов малой сложности для особых
групп, Матем. сб. 208 (2017), №5, 129–166.
BRANCHING RULES RELATED TO SPHERICAL ACTIONS 39
[Pop] V. L. Popov, Picard groups of homogeneous spaces of linear algebraic groups and one-dimensional
homogeneous vector bundles, Math. USSR-Izv. 8 (1974), no. 2, 301–327; Russian original:
В.Л. Попов, Группы Пикара однородных пространств линейных алгебраических групп и
одномерные однородные векторные расслоения, Изв. АН СССР. Сер. матем. 38 (1974), №2,
294–322.
[Stei] R. Steinberg, Endomorphisms of linear algebraic groups, Memoirs of the Americal Mathematical
Society, No. 80, American Mathematical Society, Providence, R.I., 1968.
[Stem] J. R. Stembridge, Multiplicity-free products and restrictions of Weyl characters, Represent. The-
ory 7 (2003), 404–439.
[Tim] D.A. Timashev, Homogeneous spaces and equivariant embeddings, Encycl. Math. Sci., vol. 138,
Springer-Verlag, Berlin Heidelberg, 2011.
[ViKi] E. B. Vinberg, B.N. Kimel’fel’d, Homogeneous domains on flag manifolds and spherical sub-
groups of semisimple Lie groups, Funct. Anal. Appl. 12 (1978), no. 3, 168–174; Russian orig-
inal: Э. Б. Винберг, Б.Н. Кимельфельд, Однородные области на флаговых многообразиях
и сферические подгруппы полупростых групп Ли, Функц. анализ и его прилож. 12 (1978),
№3, 12–19.
[WaYa] N. Wallach, O. Yacobi, A multiplicity formula for tensor products of SL2 modules and an explicit
Sp2n to Sp2n−2×Sp2 branching formula, in: Symmetry in mathematics and physics, Contemp.
Math. 490, Amer. Math. Soc., Providence, RI, 2009, 151–155.
[Yac] O. Yacobi, An analysis of the multiplicity spaces in branching of symplectic groups, Selecta
Math. (N.S.) 16 (2010), no. 4, 819–855.
[Zhe] D. P. Zhelobenko, Compact Lie groups and their representations, Translations of Mathematical
Monographs, vol. 40, American Mathematical Society, Providence, R.I., 1973; Russian original:
Д.П. Желобенко, Компактные группы Ли и их представления, Москва, Наука, 1970.
Roman Avdeev
National Research University “Higher School of Economics”, Moscow, Russia
E-mail address : suselr@yandex.ru
Alexey Petukhov
Institute for Information Transmission Problems, Moscow, Russia
E-mail address : alex--2@yandex.ru
